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Abstract

We study the problem of detecting a common planted hub in a multiplex network, formulated
as a hypothesis test. The null consists of independent Erdős–Rényi G(n,mℓ) layers. Under the
alternative, random stars of varying sizes kℓ are planted around a common latent hub, and
background edges are added so that each layer ℓ also contains mℓ edges. We identify the critical
scaling parameter as ∥a∥2, where the entries of the signal-to-noise ratio vector a = (aℓ) are
star sizes kℓ appropriately scaled by the background degree fluctuations of each layer ℓ. We
show that the total variation distance between the null and alternative distributions converges
to Φ(h) when ∥a∥2 −

√
2 logn → h, where Φ is the standard Gaussian cumulative distribution

function. Furthermore, we exhibit a computationally efficient test that projects each vertex’s
degree vector onto the direction of a and thresholds the maximum. This test attains the optimal
error curve, thereby confirming the absence of a statistical-to-computational gap. In a setting
where the star sizes (kℓ) are unknown to the statistician, we construct an adaptive degree test
that also attains the optimal performance asymptotically. In the course of the proofs we show a
condensation phase transition in the likelihood ratio that closely resembles that of the random
energy model from spin glass theory.
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1 Introduction

Extracting information from networks is a fundamental task that spans many fields including com-
puter science, statistics, and statistical physics. Extensive work has been done to better understand
thresholds and algorithms for recovery and detection of planted structures in random graphs. No-
table examples include the planted clique problem (Jerrum, 1992; Alon et al., 1998) for which many
complexity-theoretic questions remain, as well as the community detection or stochastic block mod-
els (Decelle et al., 2011; Bhaskara et al., 2010; Arias-Castro and Verzelen, 2014; Mossel et al., 2015;
Abbe, 2018). In recent years, planted combinatorial motifs, often with no intrinsic low rank struc-
ture, have received significant attention. These include planted Hamiltonian cycles (Bagaria et al.,
2020), hidden nearest-neighbor graphs (Ding et al., 2020), planted matchings and k-factors (Mo-
harrami et al., 2021; Ding et al., 2023; Gaudio et al., 2026; Wee and Mao, 2025; Addario-Berry
et al., 2026), and planted trees (Massoulié et al., 2019; Moharrami et al., 2025).

In network science, it is often of interest to identify central nodes, or hubs, which have an
outsized influence on the rest of the graph. This has many applications, ranging from page ranking
in search engines, to super-spreaders in epidemiological networks (Kirkley, 2024). Such questions
have been investigated in the context of preferential or uniform attachment networks, in the form of
identifying early vertices or seed graphs (Bubeck et al., 2017; Rácz and Bubeck, 2017; Addario-Berry
et al., 2024).

Multiplex networks represent several kinds of relationships among the same entities as separate
graph layers. They have become an important framework for studying social, biological, and tech-
nological systems (Kivelä et al., 2014; Boccaletti et al., 2014). Examples include social interactions
through different communication channels and airport connections operated by different airlines
(Reiffers-Masson and Labatut, 2017; Rahmede et al., 2018). In such systems, it is often of practical
interest to identify nodes that are persistently important across several network layers.

In this paper, we propose and study a model for detecting planted hubs in multiplex networks.
We observe a multiplex graph G with a fixed number L of layers on the same n vertices. The
null consists of independent G(n,mℓ) graphs. Under the alternative, we pick a hub common to all
layers, uniformly at random, and plant a random star of kℓ edges centered at this hub. Background
edges are added to the graph to bring each layer’s total edge count to mℓ. We ask:
(i) How much background noise can be tolerated in each layer before detection of the common

planted hub becomes impossible?
(ii) Is there a computationally efficient test that attains the optimal detection performance?
(iii) Can we attain the same test performance when the planted star sizes (kℓ) are unknown to

the statistician?

1.1 Summary of contributions

Sharp detection asymptotics We give a sharp answer to question (i) by characterizing the
asymptotic total variation (TV) distance between the null and alternative distributions. We identify
an appropriate signal-to-noise ratio (SNR) vector a for the layers, whose entries are appropriately
scaled star sizes kℓ, and show that the parameter ∥a∥2 is the critical scaling parameter. Indeed,
we show that TV distance converges to Φ(h) when ∥a∥2 −

√
2 logn→ h ∈ R, where Φ denotes the

standard Gaussian cumulative distribution function.
Our results also reveal the phenomenon that a planted hub may still be detectable in the

multiplex network with vanishing error, even when every individual layer is asymptotically indis-
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tinguishable from its corresponding null model.
We show that a computationally efficient test attains the asymptotically optimal TV curve, thus

establishing the absence of a statistical-to-computational gap for this problem. The test statistic
involves thresholding the maximum projected degrees, which are coefficients of the projections of
the vector of layer degrees onto the direction a.

Unknown star sizes In the case when the (kℓ) are unknown to the statistician, we address ques-
tions (ii) and (iii) by showing that a computationally efficient adaptive degree test also attains the
optimal TV curve, and asymptotically matches the statistical performance of the projected degree
test. Furthermore, we show that the unknown SNR vector a can also be accurately estimated,
conditional on detecting the alternative.

In terms of recovery, we show that both the projected and adaptive procedures asymptotically
maximize the probability of correctly identifying the planted hub, over all estimators based on the
observed graph and known star sizes.

Likelihood ratio and REM A highlight of our analysis is connecting the likelihood ratio to
a partition function resembling that of the random energy model (REM) from statistical physics.
Unlike the classical REM, the “energy levels” here are dependent, non-Gaussian projected degrees.

To overcome this technical difficulty, we employ techniques from the theory of stable polyno-
mials. In particular, we use the strongly Rayleigh property of the Hypergeometric distribution to
obtain cumulant bounds from zero-free regions of the degree generating functions. These bounds
yield Gaussian approximations for truncated exponential moments with vanishing relative error.
Crucially, the approximations survive conditioning on finitely many other vertices’ degrees, allow-
ing a truncated second moment argument to establish phase transitions of the likelihood ratio,
analogous to REM condensation transitions.

Notation We use the standard ω(·), o(·),Θ(·), O(·) notation. Write a≪ b to mean a = o(b), and
a ∼ b to mean a/b → 1. We say that an event holds with high probability (whp) if it holds with
probability 1− o(1) as n→ ∞. The Gaussian cumulative distribution function is denoted by Φ(·)
and its complement by Φc(·). All logarithms are natural.

1.2 Problem formulation

We formally define the models. Fix a positive integer L, the number of layers, and write N =
(
n
2

)
.

Given positive integersmℓ and kℓ, the planted distribution P1 is the distribution over multiplex
graphs G = (G(1), . . . , G(L)) on the common vertex set [n] constructed as follows. First pick a hub
vertex v∗ ∈ [n] uniformly at random. Independently in each layer ℓ, add kℓ incident edges to v∗
uniformly at random, then choose mℓ − kℓ edges uniformly over the remaining N − kℓ unplanted
edges.

The null distribution P0 has independent layers G(ℓ) ∼ G(n,mℓ): each layer is uniform over
all graphs on n vertices with mℓ edges. In particular, the edge count in every layer agrees exactly
under the two hypotheses.

Given a multiplex graph G, we consider the hypothesis test

H0 : G ∼ P0, vs. H1 : G ∼ P1. (1.1)

4



We will consider (1.1) under both settings when the star sizes (kℓ)
L
ℓ=1 are known and unknown

to the statistician. In both settings, the planted center and the planted edge sets are always hidden.

Let D
(ℓ)
v be the degree of vertex v in layer ℓ. Its mean µℓ and standard deviation σℓ under the

null P0 are given by

µℓ := E0D
(ℓ)
v =

2mℓ

n
, and σ2ℓ := Var0(D

(ℓ)
v ) = µℓ

(
1− 2

n

)
N −mℓ

N − 1
. (1.2)

Throughout the paper, L is fixed and we assume that every layer ℓ satisfies

mℓ = o(N), (log n)2 ≪ kℓ ≪
√
n, and

k2ℓ
µℓ

= O(log n). (1.3)

These assumptions imply µℓ ≫ (logn)3 and σ2ℓ ∼ µℓ.
We collect several definitions that will be essential to our results. Define the signal-to-noise

ratio (SNR) vector

a = (a1, . . . , aL), where aℓ =
kℓσℓ
µℓ

. (1.4)

Since σ2ℓ ∼ µℓ, we have aℓ ∼ kℓ/
√
µℓ. We may thus regard aℓ as the asymptotic SNR of layer ℓ. It

will turn out that the critical order parameter that governs the detection behavior is ∥a∥2.
Define the standardized layer degrees by

Y (ℓ)
v =

D
(ℓ)
v − µℓ
σℓ

, (1.5)

and write Yv = (Y
(1)
v , . . . , Y

(L)
v ). Define the projected degree statistic by

Sv =
⟨a,Yv⟩
∥a∥2

. (1.6)

Thus Sv is a scalar weighted aggregate of the standardized degree vector of v.

1.3 Main results

1.3.1 Sharp detection threshold

Theorem 1.1. Suppose (1.3) holds. Then

TV(P0,P1) = Φ
(
∥a∥2 −

√
2 logn

)
+ o(1).

We prove Theorem 1.1 in Section 3.
The minimum possible sum of Type-I and Type-II errors is 1− TV(P0,P1). At a coarser level,

Theorem 1.1 therefore also shows that detection is impossible when ∥a∥2 −
√
2 logn → −∞, and

achievable with vanishing error when ∥a∥2 −
√
2 logn→ +∞.

The following immediate corollary gives the scaling window around ∥a∥22 = 2 log n and describes
the shape of the transition.
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Corollary 1.2. Suppose (1.3) holds. For γ ∈ R, put

∥a∥22 = 2 log n− 2γ
√
log n+ o(

√
log n). (1.7)

Then

TV(P0,P1) = 1− Φ

(
γ√
2

)
+ o(1).

Remark 1.3. Theorem 1.1 reveals a striking feature of multiplex networks: observing several layers
together can overcome the fundamental limits of detection from any single layer. Even with a fixed
number of layers, where each layer can be asymptotically indistinguishable from its null model,
the joint observation can permit detection with vanishing error. The gain comes from combining
evidence about the same hidden vertex across layers. For example, fix 1 < r < L and suppose that
each layer ℓ satisfies

a2ℓ =

(
2r

L
+ o(1)

)
log n.

Thus ∥a∥22 = (2r + o(1)) log n. Since r
L < 1 < r, we have aℓ −

√
2 logn → −∞ for every layer,

whereas ∥a∥2 −
√
2 logn→ +∞. In other words, writing P(ℓ)

j for the marginal law of layer ℓ under

Hj for j = 0, 1, Theorem 1.1 gives TV(P(ℓ)
0 ,P(ℓ)

1 ) → 0 for each ℓ ∈ [L], but TV(P0,P1) → 1.

1.3.2 Optimal testing and hub recovery

Denote the likelihood ratio by

Λ(G) =
dP1

dP0
(G). (1.8)

By the Neyman–Pearson lemma (see e.g. Lehmann and Romano, 2005, Theorem 3.2.1), the test
that rejects H0 when Λ(G) ≥ 1 minimizes the sum of Type-I and Type-II errors and is hence
optimal.

Suppose that the statistician has knowledge of the star sizes (kℓ)
L
ℓ=1. The SNR vector a is then

known. We will show that projecting the standardized degree vectors in the direction of a, as in
(1.6), and thresholding the maximum projected statistic gives a simple test that is asymptotically
optimal. For any fixed α > 0, define the test

ψproj(G) = 1{max
v
Sv ≥ t∗n} where t∗n =

√
2 logn− 1

α
log logn. (1.9)

Theorem 1.4. Suppose (1.3) holds. Then for any fixed α > 1,

P0(ψproj = 1) = o(1), and P1(ψproj = 1) = Φ
(
∥a∥2 −

√
2 logn

)
+ o(1).

Furthermore, in the critical window (1.7),

Pj

(
{Λ ≥ 1} △ {max

v
Sv ≥ t∗n}

)
= o(1), for j ∈ {0, 1}.

This theorem is proved in Section 4.
Since the maximum projected degree is efficiently computable, this establishes that the multiplex

planted hub detection problem exhibits no statistical-to-computational gap, in a very strong sense:
a simple and tractable statistic asymptotically minimizes the sum of Type-I and Type-II errors
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throughout the detection scaling window as found in Theorem 1.1. Furthermore, as the second
assertion in Theorem 1.4 shows, the ψproj(G) and Λ(G) threshold tests make the same decision in
the critical window, with high probability under both P0 and P1.

Theorem 1.4 also reveals an asymmetry in the optimal test, in that it is correct whp under the
null, and it is the alternative that gives rise to the error.

Our next result concerns recovery under P1. We show that maximizing the projected degree
(1.6) attains the optimal probability of recovering the hub.

Corollary 1.5. Suppose (1.3) holds. Let v̂ ∈ argmaxv Sv. Then

P1(v̂ = v∗) = sup
ṽ

P1(ṽ = v∗) + o(1) = Φ
(
∥a∥2 −

√
2 logn

)
+ o(1), (1.10)

where the supremum ranges over all estimators based on the observed multiplex graph G.

The proof is given in Appendix C.
Regarding recovery of the planted star leaves, we instead claim that even with the hub known,

a list of candidate leaves comparable in size to the planted star recovers only a vanishing fraction
of the planted leaves with high probability. A precise statement is given in Appendix C.

1.3.3 Detection and estimation under unknown star sizes

We retain the model of Section 1.2, the hypotheses in (1.1), and the parameter regime (1.3), and
turn to a setting where the planted star sizes

(kℓ)
L
ℓ=1 are unknown to the statistician. (1.11)

As the statistician observes G, the parameters n, L, and (mℓ)
L
ℓ=1 are assumed known.

The additional challenge in this setting is that the SNR vector a in (1.4) is unavailable, and thus
projected degrees (Sv) in (1.6) cannot be constructed. In this setting, we investigate the detection
problem (1.1), as well as estimation of the SNR vector a.

For detection, the alternative test statistic we propose is given as follows. Define

Rv = ∥(Yv)+∥2, and un =
√

2 logn+ (2L+ 1) log log n, (1.12)

where positive parts are taken coordinatewise. Note that the vector Yv = (Y
(1)
v , . . . , Y

(L)
v ) of

standardized degrees in (1.5) does not depend on the star sizes. Define the test

ψadap(G) = 1{max
v∈[n]

Rv ≥ un}. (1.13)

We call this procedure adaptive because it is designed to work for every admissible choice of unknown
star sizes.

Theorem 1.6. Suppose (1.3) holds, and we are in the setting of (1.11). Then

P0(ψadap = 1) = o(1), and P1(ψadap = 1) = Φ
(
∥a∥2 −

√
2 logn

)
+ o(1).
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The proof is given in Section 5.
In other words, we can indeed attain the optimal error rate implied by Theorem 1.1 for every

admissible list of star sizes satisfying (1.3), without knowing those sizes.
We now give an analogous result to Corollary 1.5 for recovery. Let our estimator of the planted

hub, which does not require knowledge of the star sizes, be v̂adap ∈ argmaxv Rv. Our next result
shows (i) that this estimator attains the optimal recovery probability, even among estimators that
know the star sizes, and (ii) if we report v̂adap only when the test rejects the null and otherwise
return no answer, the probability of reporting an incorrect hub tends to zero.

Proposition 1.7. Suppose (1.3) holds. Then the following hold:
(i) P1(v̂adap = v∗) = supṽ P1(ṽ = v∗) + o(1) = Φ

(
∥a∥2 −

√
2 logn

)
+ o(1), where the supremum

ranges over all such estimators based on the observed G and star sizes (kℓ)ℓ.
(ii) P1(ψadap = 1, v̂adap ̸= v∗) = o(1).

We prove this proposition in Section 5.1.
We next consider estimating the SNR vector a. Let En := {ψadap = 1} be the event that the

adaptive procedure does detect the alternative. On En, define

â := (Yv̂adap)+. (1.14)

Since aℓ = kℓσℓ/µℓ by (1.4), this also gives the plug-in estimate for the star sizes k̂ℓ := (µℓ/σℓ)âℓ.
Outside En, set these estimates to zero.

Our next theorem quantifies the estimation error conditional on En in the critical window.

Theorem 1.8. Suppose (1.3) holds and suppose ∥a∥2−
√
2 logn→ h ∈ R. Then under P1( · | En),

∥â− a∥2 = OP(1). (1.15)

Consequently, under the same conditional law, (1.15) gives k̂ℓ = kℓ(1 + oP(1)) for every layer
with aℓ → ∞. The norm of the SNR vector can also be estimated as ∥â∥2 = ∥a∥2 +OP(1).

When ∥a∥2 −
√
2 logn → +∞, i.e., when detection is possible with vanishing error, the bound

(1.15) and its consequences above hold under P1 without conditioning.
When ∥a∥2−

√
2 logn→ −∞, i.e., when detection is impossible, the test rejects with probability

o(1), and the estimation error ∥â− a∥2 in (1.15) diverges whenever it rejects.
The proof of Theorem 1.8 and details of these consequences are given in Section 5.2.

1.4 Related work

Centrality in multiplex networks Vertex importance across network layers was studied in
(Halu et al., 2013; De Domenico et al., 2015). Reiffers-Masson and Labatut (2017) derive opinion
centrality by explicitly solving an influence optimization problem. Rahmede et al. (2018) intro-
duce MultiRank, which jointly determines node centralities and layer influences through coupled
equations, and apply it to real networks.

Planted subgraph detection General frameworks for understanding arbitrary planted sub-
graphs address inference thresholds (Mossel et al., 2023), detection with differing signal and back-
ground edge densities (Elimelech and Huleihel, 2025), tests of constant polynomial degree in dense
Erdős–Rényi graphs (Yu et al., 2025), and recovery of hidden weighted graphs (Hou and Liu, 2026).
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A star is a tree, and planted trees have been studied in Massoulié et al. (2019) and Moharrami et al.
(2025). The former operates in G(n, λ/n) with fixed λ, and the latter considers spanning weighted
trees. These works establish a separation between detection and reconstruction in sparse graphs
and characterize the asymptotic fraction of planted edges recovered by the minimum spanning tree
algorithm in weighted graphs. For L = 1, our results describe the sharp threshold behavior of an
unweighted planted star model with diverging average degree, a setting not covered by these works.

Error curves in the critical regime Precise testing error curves have been studied for stochas-
tic block models and planted factor graphs (Mossel et al., 2025), spiked Wigner models (Moitra and
Wein, 2025), and planted matchings (Wee and Mao, 2025). Beyond graph models, Addario-Berry
et al. (2010) study detection of a structured set of nonzero means in a Gaussian vector. Precise
results in an abstract planted problem setting, not necessarily involving graph structure, are given
in Perkins (2013). A special case of the main result there is analogous to our L = 1 case with a
known hub and only the degrees being observed. This difference leads to a different optimal statistic
than the maximum degree test. See also the remarks in Perkins (2013, Section 9) which suggested
studying an unlabeled planted balls and bins problem and served as the original inspiration for this
work.

The null likelihood ratio in our critical window converges in probability to a constant strictly
between zero and one. This is distinct from the log-Gaussian limits that arise for planted matchings
(Wee and Mao, 2025), spiked models (El Alaoui et al., 2020; Banerjee and Ma, 2022), subgraph
counts (Janson, 1994), and partition functions in the symmetric perceptron (Abbe et al., 2022).

Organization Section 2 establishes the likelihood ratio approximation and its connection to the
REM. Section 3 proves the likelihood ratio asymptotics and sharp detection thresholds. Section 4
establishes optimality of the projected test, and Section 5 treats detection and estimation with
unknown star sizes. Supporting proofs are collected in Appendices A–D.

2 Connection to the random energy model

Our proof begins with a sharp approximation of the likelihood ratio Λ (1.8), which we now spell
out:

Λ(G) =
1

n

n∑
v=1

L∏
ℓ=1

(
N
mℓ

)(
D

(ℓ)
v
kℓ

)(
n−1
kℓ

)(
N−kℓ
mℓ−kℓ

) . (2.1)

Our first result approximates this likelihood ratio by a sum involving the projected degrees Sv
defined in (1.6).

Lemma 2.1. Suppose (1.3) holds. Then whp under both P0 and P1,

Λ(G) = (1 + o(1))e−∥a∥22/2 1

n

n∑
v=1

e∥a∥2Sv . (2.2)

We defer the proof to Appendix A.
Thus, the randomness in the likelihood ratio essentially comes from the

∑n
v=1 e

∥a∥2Sv term.
This resembles the partition function of the random energy model (REM) from spin glass theory.
The REM was originally formulated by Derrida (1981) as a simplified model of the canonical
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Sherrington-Kirkpatrick spin glass (Sherrington and Kirkpatrick, 1975). The energies {Hj} in
the REM are taken as i.i.d. Gaussian random variables, thus abstracting away any underlying
configuration geometry. More precisely, the REM partition function ZREM(β) is given by

ZREM(β) =
2M∑
j=1

exp(−βHj), {Hj}2
M

j=1
iid∼ N (0,M), (2.3)

where M represents the number of sites in the system, and where β > 0 is an inverse temperature
parameter. The motivation for the distribution and scaling of the 2M energy levels in the REM
comes from the Sherrington–Kirkpatrick spin glass in which spins are {±1}-valued and their energies
are Gaussian random variables (albeit with complex correlation structure).

Despite its apparent simplicity, the REM already exhibits a phase transition as the temperature
varies, with critical inverse temperature βc =

√
2 log 2. AsM → ∞, the following convergence holds

in probability:

ZREM(β)

EZREM(β)
−→


1 for fixed β < βc,

Φ(−h) if
√
M(β − βc) → h ∈ R,

0 for fixed β > βc.

The first and third limits are classical (Bovier et al., 2002; Bovier, 2006), the middle limit follows
from Kabluchko and Klimovsky (2014, Theorem 4.8 and Lemma 3.3).

In our setting, where the Sv’s are now dependent, we will establish a similar transition (cf. Propo-
sition 3.1):

Λ(G)− Φ
(√

2 logn− ∥a∥2
) P0−→ 0. (2.4)

Thus, as n→ ∞,

Λ(G)
P0−→


1 if ∥a∥2 −

√
2 logn→ −∞,

Φ(−h) if ∥a∥2 −
√
2 logn→ h ∈ R,

0 if ∥a∥2 −
√
2 logn→ +∞.

Our results thus show an interesting connection between spin glass phase transitions and de-
tection thresholds for statistical estimation problems. One can compare this to the behavior of
the disassortative stochastic block model with low edge density in which the information-theoretic
threshold for detection coincides with a condensation phase transition for the corresponding anti-
ferromagnetic Ising or Potts model on a random graph (Mossel et al., 2015; Coja-Oghlan et al.,
2018).

The main difficulty here is to establish the REM transition for dependent energy levels and
connect it to the testing problem. The classical REM techniques do not apply because the projected
degrees (Sv) have dependencies. We instead show that conditioning on one vertex’s degrees has
a negligible effect on the truncated exponential moments at another, hence adapting a truncated
second moment argument.

The classical REM has been generalized substantially, for instance to generalized or continuous
REMs (Derrida and Gardner, 1986; Olivieri and Picco, 1984; Capocaccia et al., 1987; Ruelle, 1987;
Bolthausen and Sznitman, 1998; Bovier and Kurkova, 2004). These models consider Gaussian
energies that have a hierarchical correlation structure, in an effort to study replica symmetry
breaking. We leave the exploration of further connections between planted subgraph problems and
spin glass models such as the GREMs to future work.
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3 Condensation of the likelihood ratio

We now state our main result for the likelihood ratio (2.1). It describes the condensation transition
under the null, including its behavior throughout the critical window.

Proposition 3.1. Suppose (1.3) holds, then

Λ− Φ
(√

2 logn− ∥a∥2
)

P0−→ 0. (3.1)

In the critical window (1.7), for fixed γ ∈ R,

Λ
P0−→ Φ

(
γ√
2

)
. (3.2)

The proof follows a truncated second moment argument, as in the classical REM. We first state
the Gaussian moment estimates needed for the exponential sum in (2.2). All expectations in the
next two lemmas are under P0.

We state the first estimate in terms of arbitrary projection directions u = (u1, . . . , uL) ∈ RL

satisfying ∥u∥2 = 1, since this form will be useful later. Define

Sv(u) =
L∑

ℓ=1

uℓ
D

(ℓ)
v − µℓ
σℓ

, and δu = max
ℓ:uℓ ̸=0

|uℓ|
σℓ

.

Notice that setting u = a/∥a∥2, we recover the projected degree Sv in (1.6).
The regime (1.3) and variance formula (1.2) imply

µℓ ≫ (logn)3, σ2ℓ ∼ µℓ, min
ℓ∈[L]

σℓ ≫ (logn)3/2. (3.3)

Lemma 3.2. Suppose that δu(logn)
3/2 = o(1), then, uniformly for |s|, |t| = O(

√
log n),

EesSv(u) = (1 + o(1))es
2/2, (3.4)

E[esSv(u)1{Sv(u)≥t}] = (1 + o(1))es
2/2Φc(t− s), (3.5)

E[esSv(u)1{Sv(u)<t}] = (1 + o(1))es
2/2Φ(t− s). (3.6)

By (3.3), minℓ σℓ ≫ (logn)3/2, so the condition on δu holds and the errors are uniform over all
unit vectors u, including vectors that depend on n.

The proof is given in Appendix B.
Our next estimate involves two distinct vertices. It follows from a conditional version of the

preceding lemma, Lemma B.7, given in Appendix B, which shows that the Gaussian moment
estimates remain valid after conditioning on another vertex’s layer degrees.

Lemma 3.3. Suppose (1.3) holds. Then for |t| = O(
√
log n) and distinct vertices u, v,

E0

[
e∥a∥2Su+∥a∥2Sv1{Su<t, Sv<t}

]
= (1 + o(1))e∥a∥

2
2Φ(t− ∥a∥2)2. (3.7)

11



Proof of Lemma 3.3. Write Du = (D
(1)
u , . . . , D

(L)
u ). By Lemma B.7, uniformly in Du,

E0

[
e∥a∥2Sv1{Sv<t} | Du

]
= (1 + o(1))e∥a∥

2
2/2Φ(t− ∥a∥2).

The result follows by multiplying by e∥a∥2Su1{Su<t}, taking expectations, and applying Lemma 3.2
to the remaining factor.

We record a standard Gaussian tail estimate used throughout this paper.

Theorem 3.4 (Mills’ ratio; see e.g. Wainwright, 2019, Exercise 2.2). As x→ ∞,

Φc(x) =
1 +O(x−2)

x
√
2π

e−x2/2.

We are now ready to prove Proposition 3.1.

Proof of Proposition 3.1. By (2.2), whp under P0, we may write

Λ = (1 + o(1))W, where W :=
e−∥a∥22/2

n

n∑
v=1

e∥a∥2Sv . (3.8)

Fix α > 1, let t∗n be as in (1.9), and set

B :=

{
max
v∈[n]

Sv ≥ t∗n

}
.

By a union bound, (3.5) with s = 0, and Theorem 3.4,

P0(B) ≤ (1 + o(1))nΦc(t∗n) = O
(
(log n)1/(2α)−1/2

)
= o(1). (3.9)

Define the truncated version of W ,

Ŵ :=
e−∥a∥22/2

n

n∑
v=1

e∥a∥2Sv1{Sv<t∗n}.

On Bc, truncation removes no summands, so W = Ŵ . Equations (3.6) and (3.7) give

E0Ŵ = (1 + o(1))Φ(t∗n − ∥a∥2), (3.10)

E0Ŵ
2 = (1 + o(1))

[
e∥a∥

2
2

n
Φ(t∗n − 2∥a∥2) +

n− 1

n
Φ(t∗n − ∥a∥2)2

]
. (3.11)

We claim that the diagonal term in (3.11) is o(1) throughout the entire range ∥a∥2 = O(
√
log n).

Indeed, if 2∥a∥2 ≤ t∗n, then

e∥a∥
2
2

n
Φ(t∗n − 2∥a∥2) ≤

e(t
∗
n)

2/4

n
= o(1). (3.12)

12



On the other hand, if 2∥a∥2 > t∗n, use Φ(−x) ≤ 1
2e

−x2/2 for x ≥ 0 to obtain

e∥a∥
2
2

n
Φ(t∗n − 2∥a∥2) ≤

1

2
exp

{
(t∗n)

2

2
− log n− (∥a∥2 − t∗n)

2

}
≤ 1

2
(log n)−1/(2α) = o(1). (3.13)

Using (3.10)–(3.13) and 0 ≤ Φ(t∗n − ∥a∥2) ≤ 1, we obtain

E0(Ŵ − Φ(t∗n − ∥a∥2))2 = E0Ŵ
2 − 2Φ(t∗n − ∥a∥2)E0Ŵ +Φ(t∗n − ∥a∥2)2 = o(1). (3.14)

Since W = Ŵ on Bc, (3.9) and Markov’s inequality applied to (3.14) give, for every ε > 0,

P0(|W − Φ(t∗n − ∥a∥2)| > ε) ≤ P0(B) + ε−2E0(Ŵ − Φ(t∗n − ∥a∥2))2 = o(1). (3.15)

Since Φ takes values in [0, 1], (3.15) implies W = OP0(1). Thus (3.8) gives Λ−W
P0−→ 0, and (3.15)

yields

Λ− Φ(t∗n − ∥a∥2) = (Λ−W ) + (W − Φ(t∗n − ∥a∥2))
P0−→ 0. (3.16)

Finally, (1.9) gives t∗n −
√
2 logn = o(1). Since Φ′(x) ≤ 1/

√
2π,∣∣∣Φ(t∗n − ∥a∥2)− Φ(

√
2 logn− ∥a∥2)

∣∣∣ ≤ |t∗n −
√
2 logn|√
2π

= o(1). (3.17)

Equations (3.16) and (3.17) prove (3.1).
In the critical window (1.7),

∥a∥2 =
√
2 logn− γ√

2
+ o(1). (3.18)

Equations (3.1) and (3.18) imply (3.2).

We now deduce Theorem 1.1 from this limit.

Proof of Theorem 1.1. We note the following characterization of total variation distance:

TV(P0,P1) = P1(Λ ≥ 1)− P0(Λ ≥ 1) = E0(1− Λ)+. (3.19)

The function x 7→ (1 − x)+ is bounded by one on [0,∞) and is Lipschitz. Thus Proposition 3.1
implies

TV(P0,P1) = 1− Φ
(√

2 logn− ∥a∥2
)
+ o(1) = Φ

(
∥a∥2 −

√
2 logn

)
+ o(1),

where we use that convergence in probability of the bounded difference implies convergence of its
expectation.
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4 Optimal testing

In this section we prove Theorem 1.4, which shows that the optimal likelihood ratio thresholding
test reduces to a simpler test thresholding the maximum projected degree statistic maxv Sv.

Our first result determines the behavior of this test statistic under the null.

Lemma 4.1. Suppose (1.3) holds. For fixed α > 0, let t∗n be as in (1.9). Then under P0,

P0

(
max
v∈[n]

Sv ≥ t∗n

)
−→

{
0, α > 1,

1, 0 < α < 1.
(4.1)

In particular,
max
v∈[n]

Sv =
√

2 logn+ oP0(1). (4.2)

Furthermore, the statements (4.1) and (4.2) continue to hold when one fixed vertex is omitted from
the maximum. They also remain valid after replacing the projection direction a/∥a∥2 in (1.6) by
any deterministic nonnegative unit vector u, possibly depending on n.

The proof is given in Appendix C.
The next lemma describes the maximum projected statistic away from the planted center v∗,

as well as the center’s own statistic, under P1. Recall from (1.4) that ∥a∥2 is the effective signal
strength.

Lemma 4.2. Suppose (1.3) holds. For fixed α > 1, let t∗n be as in (1.9). Then

P1

(
max
v ̸=v∗

Sv ≥ t∗n

)
= o(1). (4.3)

Moreover,
max
v ̸=v∗

Sv =
√

2 logn+ oP1(1). (4.4)

For the planted center,

Sv∗ − ∥a∥2
d−→ N (0, 1). (4.5)

We defer the proof to Appendix C.

Proof of Theorem 1.4. In this proof, for fixed α > 1 defining t∗n in (1.9), write

A := {Λ ≥ 1} and B :=
{
max
v
Sv ≥ t∗n

}
,

Lemma 4.1 gives P0(B) = o(1). By Lemma 4.2,

P1(B) = P1(Sv∗ ≥ t∗n) + o(1) = Φ
(
∥a∥2 −

√
2 logn

)
+ o(1),

where the last equality follows from (4.5) and t∗n =
√
2 logn+ o(1). Comparing with Theorem 1.1

proves asymptotic optimality of the test.
We now turn to the equivalence of the two tests in the critical window (1.7). Proposition 3.1

gives Λ
P0−→ Φ(γ/

√
2) < 1, so P0(A) = o(1) and hence P0(A△B) = o(1). The exact identity

P1(A)− P0(A) = TV(P0,P1)

shows that P1(A) = P1(B) + o(1). Moreover, changing measure on B \A gives

P1(B \A) = E0[Λ1B\A] ≤ P0(B) = o(1).

It follows that P1(A \B) = o(1) as well, proving the claimed equivalence under both laws.
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5 Detection and estimation with unknown star sizes

In this section we prove asymptotic optimality of the adaptive test (Theorem 1.6), then establish
hub recovery (Proposition 1.7), and estimation of the SNR vector conditional on detection of the
alternative in the critical window (Theorem 1.8).

Throughout, (1.11) is in effect so the star sizes are unknown. The projected degree Sv in (1.6)
uses the SNR vector a and is hence unavailable. We use instead the adaptive degree Rv defined in
(1.12). An alternative representation for Rv is illuminating: by Cauchy–Schwarz,

Rv = ∥(Yv)+∥2 = sup
u≥0

∥u∥2≤1

⟨u,Yv⟩.

Therefore, Rv selects for the strongest directions, among all nonnegative choices of layer weights.
The statistic depends only on the observed degrees and their null means and variances, and can be
computed in O(nL) time once degrees have been computed.

We first provide two lemmas about the statistical properties of Rv under the null and alternative,
respectively. The projected degrees in (1.6) use the same fixed weights a/∥a∥2 for every vertex.
The adaptive statistic Rv instead chooses the weights separately for each vertex, using the observed
degree vector Yv. To account for this additional maximization, we use the higher threshold un >√
2 logn from (1.12), where recall from (4.2) that the null maximum maxv Sv is

√
2 logn+ oP0(1).

The next lemma bounds the maximum at a slightly reduced threshold, as needed for a coupling
argument in the proof of Theorem 1.6.

Lemma 5.1. Suppose (1.3) holds, and let σ∗ := minℓ∈[L] σℓ. Then for any deterministic dn =
O(σ−1

∗ ),
P0{max

v
Rv ≥ un − dn} = o(1),

where un is defined in (1.12). In particular, maxv Rv ≤
√
2 logn+ oP0(1).

We note that under (1.3),

un −
√

2 logn = O

(
log log n√

logn

)
= o(1), and dn = o(un −

√
2 logn).

Thus un − dn still remains slightly above the background scale
√
2 logn.

Proof of Lemma 5.1. We prove the stronger bound with threshold
√
2 logn+ C log log n − dn for

any fixed C > L. Taking C = 2L+ 1 will give the stated result. Taylor expansion of the cumulant
generating function (as in (B.16)) gives, uniformly over unit vectors u ∈ RL and |z| = O(

√
logn),

logE0 exp{z⟨u,Yv⟩} =
z2

2
+O

(
|z|3

σ∗

)
=
z2

2
+ o(1). (5.1)

We now approximate all projection directions by a finite set. Put εn = (logn)−1/2 and choose
a set Nn of unit vectors such that every unit vector in RL is within Euclidean distance εn of some
element of Nn, with |Nn| ≤ (1 + 2/εn)

L. For every y ∈ RL,

max
u∈Nn

⟨u,y⟩ ≥ (1− ε2n/2)∥y∥2.
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Since L is fixed, this set contains only O((log n)L/2) directions. The term C log log n in the squared
threshold absorbs this factor in the union bound.

Set xn =
√
2 logn+ C log log n − dn. Since ∥(y)+∥2 ≤ ∥y∥2, a union bound over vertices and

the directions in Nn, followed by the Chernoff bound from (5.1), gives

P0{max
v
Rv ≥ xn} ≤ n|Nn| exp

{
−1

2
(1− ε2n/2)

2x2n + o(1)

}
= O

(
(log n)(L−C)/2

)
= o(1).

By (3.3), σ∗ ≫ (logn)3/2, so dn
√
log n = o(1), and replacing xn by (1−ε2n/2)xn changes its squared

value by O(1).

The next lemma describes the planted hub’s standardized degree vector Yv∗ and adaptive statis-
tic Rv∗ .

Lemma 5.2. Suppose (1.3) holds. Then under P1, conditional on the planted center v∗,

Yv∗ − a
d−→ N (0, IL), and Rv∗ = ∥a∥2 +OP1(1).

If ∥a∥2 → ∞, then

Rv∗ − ∥a∥2
d−→ N (0, 1). (5.2)

The proof is given in Appendix D.
We are now ready to prove Theorem 1.6.

Proof of Theorem 1.6. Lemma 5.1 proves the Type I error bound.
We now consider the Type II error bound. Equivalently, we show that the power satisfies

P1(ψadap = 1) = Φ(∥a∥2 −
√
2 logn) + o(1). We couple the null and planted graphs to bound how

much planting can increase the degrees of vertices other than the hub. Fix the center v∗ and its
planted edge sets. Independently in each layer ℓ, sample a uniform graph with mℓ edges. Add each
planted edge that is absent from this graph. To keep the edge count equal to mℓ, delete the same
number of edges, chosen uniformly from the edges present outside the planted set. Conditional on
the number of planted edges originally present, the original edges outside the planted set form a
uniform subset. Uniform deletion therefore leaves a uniform subset of mℓ − kℓ edges outside the
planted set. Together with the planted edges, these have the required planted distribution.

Each vertex other than the center receives at most one inserted edge in each layer. Denoting
the null standardized degree vector in this coupling by Y 0

v , we have coordinatewise

Yv ≤ Y 0
v + (σ−1

1 , . . . , σ−1
L ), for v ̸= v∗.

The map y 7→ ∥(y)+∥2 is increasing in each coordinate and has Lipschitz constant 1. Hence

P1

(
max
v ̸=v∗

Rv ≥ un

)
≤ P0

max
v
Rv ≥ un −

(∑
ℓ

σ−2
ℓ

)1/2
 = o(1), (5.3)

where the last step uses Lemma 5.1 with dn = (
∑

ℓ σ
−2
ℓ )1/2 = O(σ−1

∗ ). The rejection event {ψadap =
1} and the event {Rv∗ ≥ un} can differ only if Rv ≥ un for some v ̸= v∗. Thus (5.3) gives
P1({ψadap = 1} △ {Rv∗ ≥ un}) = o(1), and therefore

P1(ψadap = 1) = P1(Rv∗ ≥ un) + o(1).
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If ∥a∥2 −
√
2 logn = O(1), then ∥a∥2 → ∞, so Lemma 5.2 and un −

√
2 logn = o(1) give

P1(Rv∗ ≥ un) = P1 (Rv∗ − ∥a∥2 ≥ un − ∥a∥2)

= Φ(∥a∥2 − un) + o(1) = Φ(∥a∥2 −
√

2 logn) + o(1).

If ∥a∥2−
√
2 logn→ ±∞, the bound Rv∗ = ∥a∥2+OP1(1) gives power tending to 1 or 0, respectively.

Combining the above, we obtain

P1(ψadap = 1) = Φ(∥a∥2 −
√
2 logn) + o(1).

This finishes the proof.

5.1 Hub recovery

Recall that v̂adap ∈ argmaxv Rv selects the vertex with the largest statistic. The procedure reports
this vertex only when the test rejects.

Proof of Proposition 1.7. We first prove (ii). If the test rejects and v̂adap ̸= v∗, then a background
vertex has statistic at least un. Equation (5.3) shows that this event has probability o(1).

For (i), Theorem 1.6 and (ii) give

P1(v̂adap = v∗) ≥ P1(ψadap = 1, v̂adap = v∗)

= P1(ψadap = 1)− P1(ψadap = 1, v̂adap ̸= v∗)

= Φ(∥a∥2 −
√
2 logn) + o(1).

Corollary 1.5 gives the matching upper bound for every estimator, including those that know the
star sizes, so 0 ≤ supṽ P1(ṽ = v∗)− P1(v̂adap = v∗) = o(1). This proves (i).

5.2 Estimating the signal after identifying the hub

By Lemma 5.2, the standardized degree vector Yv∗ at the hub equals a plus noise of order one.
Hence, we estimate a using the standardized degree vector at the selected vertex, replacing negative
entries by zero. Recall that En = {ψadap = 1} is the event that the test rejects the null hypothesis.
Then, on En,

â = (Yv̂adap)+.

Proof of Theorem 1.8. Theorem 1.6 and Proposition 1.7(ii) give

lim inf
n→∞

P1(En) > 0, and P1(En, v̂adap ̸= v∗) = o(1).

On En ∩ {v̂adap = v∗}, taking positive parts cannot increase the distance to the nonnegative vector
a, so

∥â− a∥2 ≤ ∥Yv∗ − a∥2.
Thus, for any M > 0,

P1(∥â− a∥2 > M | En) ≤
P1(En, v̂adap ̸= v∗) + P1(∥Yv∗ − a∥2 > M)

P1(En)
.

The denominator stays bounded away from zero. The first numerator term tends to zero, and
Lemma 5.2 makes the second term arbitrarily small for sufficiently large M . This proves the
asserted bounded error under the conditional law.
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Further consequences Under the conditional law in Theorem 1.8, the reverse triangle inequality
gives ∣∣∥â∥2 − ∥a∥2

∣∣ ≤ ∥â− a∥2 = OP(1).

Since ∥a∥2 ∼
√
2 logn → ∞ in the critical window, this bounded absolute error gives vanishing

relative error for the total signal strength. It also gives consistent estimation of the signal direction.
Indeed, ∥â∥2 ≥ un > 0 on En, and∥∥∥∥ â

∥â∥2
− a

∥a∥2

∥∥∥∥
2

≤ 2∥â− a∥2
∥a∥2

= OP

(
1

∥a∥2

)
= oP(1).

For an individual layer with aℓ → ∞,

k̂ℓ
kℓ

=
âℓ
aℓ

= 1 + oP(1).

Note that this relative accuracy is guaranteed for layers whose SNR aℓ diverges. If aℓ stays bounded,
the OP(1) error in (1.15) need not be small relative to aℓ, even when the total SNR ∥a∥2 diverges.

When ∥a∥2 −
√
2 logn → +∞, Theorem 1.6 and Proposition 1.7 give P1(En ∩ {v̂adap = v∗}) =

1− o(1). The same bound by ∥Yv∗ − a∥2 therefore holds with probability 1− o(1). By Lemma 5.2,
the bounds for â and its norm hold without conditioning, as does the relative star size bound for
layers with aℓ → ∞.

When ∥a∥2 −
√
2 logn → −∞, Theorem 1.6 gives P1(En) = o(1). On En, the estimation error

diverges because
∥â− a∥2 ≥ ∥â∥2 − ∥a∥2 ≥ un − ∥a∥2 → ∞.

Statement on AI use

ChatGPT 6.1 was used to assist with mathematical arguments and calculations in extending the
L = 1 analysis to the multiplex setting. In particular, it proposed the statistic Rv in (1.12) for the
case of unknown star sizes, as well as its proof of optimality. The authors rewrote the proofs, and
take full responsibility for this work.
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L. Addario-Berry, O. Angel, G. Lugosi, M. Z. Rácz, and T. Schramm. The statistical threshold
for planted matchings and spanning trees. arXiv preprint arXiv:2602.07669, 2026. URL https:

//arxiv.org/abs/2602.07669.

N. Alon, M. Krivelevich, and B. Sudakov. Finding a large hidden clique in a random graph. Random
Structures & Algorithms, 13(3–4):457–466, 1998. doi: 10.1002/(SICI)1098-2418(199810/12)13:
3/4⟨457::AID-RSA14⟩3.0.CO;2-W.

E. Arias-Castro and N. Verzelen. Community detection in dense random networks. The Annals of
Statistics, pages 940–969, 2014.

V. Bagaria, J. Ding, D. Tse, Y. Wu, and J. Xu. Hidden hamiltonian cycle recovery via linear
programming. Operations research, 68(1):53–70, 2020.

D. Banerjee and Z. Ma. Optimal signal detection in some spiked random matrix models: likelihood
ratio tests and linear spectral statistics. The Annals of Statistics, 50(4):1910–1932, 2022. ISSN
0090-5364,2168-8966. doi: 10.1214/21-aos2150. URL https://doi.org/10.1214/21-aos2150.

A. Bhaskara, M. Charikar, E. Chlamtac, U. Feige, and A. Vijayaraghavan. Detecting high log-
densities—an O(n1/4) approximation for densest k-subgraph. In STOC’10—Proceedings of the
2010 ACM International Symposium on Theory of Computing, pages 201–210. ACM, New York,
2010. ISBN 978-1-60558-817-9.

S. Boccaletti, G. Bianconi, R. Criado, C. I. del Genio, J. Gómez-Gardeñes, M. Romance, I. Sendiña-
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H. Döring, S. Jansen, and K. Schubert. The method of cumulants for the normal approximation.
Probab. Surv., 19:185–270, 2022. ISSN 1549-5787. doi: 10.1214/22-ps7. URL https://doi.org/

10.1214/22-ps7.

A. El Alaoui, F. Krzakala, and M. Jordan. Fundamental limits of detection in the spiked Wigner
model. The Annals of Statistics, 48(2):863–885, 2020. ISSN 0090-5364,2168-8966. doi: 10.1214/
19-AOS1826. URL https://doi.org/10.1214/19-AOS1826.

D. Elimelech and W. Huleihel. Detecting arbitrary planted subgraphs in random graphs. In
N. Haghtalab and A. Moitra, editors, Proceedings of Thirty Eighth Conference on Learning The-
ory, volume 291 of Proceedings of Machine Learning Research, pages 1691–1798. PMLR, 2025.
URL https://proceedings.mlr.press/v291/elimelech25a.html.

J. Gaudio, C. Sandon, J. Xu, and D. Yang. Phase transitions in planted k-factor recovery. The
Annals of Applied Probability, 2026. URL https://arxiv.org/abs/2503.08984. Accepted for
publication; preprint arXiv:2503.08984.

A. Halu, R. J. Mondragón, P. Panzarasa, and G. Bianconi. Multiplex PageRank. PLOS ONE, 8
(10):e78293, 2013. doi: 10.1371/journal.pone.0078293.

20

https://doi.org/10.1214/22-ps7
https://doi.org/10.1214/22-ps7
https://doi.org/10.1214/19-AOS1826
https://proceedings.mlr.press/v291/elimelech25a.html
https://arxiv.org/abs/2503.08984


Z. Hou and J. Liu. Recovery thresholds for hidden weighted sparse graphs (extended abstract).
In S. Hanneke and T. Lattimore, editors, Proceedings of Thirty Ninth Conference on Learning
Theory, volume 336 of Proceedings of Machine Learning Research, pages 3280–3284. PMLR, 2026.
URL https://proceedings.mlr.press/v336/hou26a.html.

S. Janson. The numbers of spanning trees, Hamilton cycles and perfect matchings in a random
graph. Combin. Probab. Comput., 3(1):97–126, 1994. ISSN 0963-5483,1469-2163. doi: 10.1017/
S0963548300001012. URL https://doi.org/10.1017/S0963548300001012.

M. Jerrum. Large cliques elude the metropolis process. Random Structures & Algorithms, 3(4):
347–360, 1992. doi: 10.1002/rsa.3240030402.

Z. Kabluchko and A. Klimovsky. Complex random energy model: Zeros and fluctuations. Probability
Theory and Related Fields, 158(1–2):159–196, 2014. doi: 10.1007/s00440-013-0480-5.

A. Kirkley. Identifying hubs in directed networks. Phys. Rev. E, 109:034310, Mar 2024.
doi: 10.1103/PhysRevE.109.034310. URL https://link.aps.org/doi/10.1103/PhysRevE.

109.034310.
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A Proofs for Section 2

In this appendix we collect the remaining proofs for Section 2.

Definition A.1. A random variable X has the hypergeometric distribution Hypergeom(N,K, n)
if X is the number of objects with a desired property in a sample without replacement of size n from
a population of size N , where K objects in the population have that desired property.
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We turn to the proof of Lemma 2.1. We first establish an auxiliary result, that the degrees under
the null and alternative concentrate on the corresponding layer’s mean, simultaneously across all
layers and all vertices.

Lemma A.2. Suppose (1.3) holds. Then there is a constant C0 such that, under either P0 or P1,
with probability 1− o(1),

|D(ℓ)
v − µℓ| ≤ C0σℓ

√
log n+ kℓ, for every v ∈ [n], ℓ ∈ [L]. (A.1)

Proof of Lemma A.2. We first obtain a tail bound for a hypergeometric variable H with mean
ν > 0 (Definition A.1). By Lemma B.3, H has the same distribution as a deterministic integer plus
independent Bernoulli variables. Their total variance is at most the sum of their means, which is
at most ν. Bernstein’s inequality (see e.g. Vershynin, 2018, Theorem 2.8.4) therefore gives

P(|H − ν| ≥ u) ≤ 2 exp

{
− u2

2(ν + u/3)

}
≤ 2 exp

{
−cmin

(
u2

ν
, u

)}
, u > 0, (A.2)

for a universal constant c > 0. The case ν = 0 is deterministic.
Under P0, the degree law is Hypergeom(N,n − 1,mℓ), with mean µℓ and variance σ2ℓ ∼ µℓ.

Taking u = C0σℓ
√
log n in (A.2), and choosing C0 large enough, makes each failure probability

o(n−2). The claim for P0 then follows by a union bound.
Under P1, condition on the hub and on all the planted edges. Let sv,ℓ be the number of planted

edges incident to v in layer ℓ. Then

D(ℓ)
v − sv,ℓ ∼ Hypergeom(N − kℓ, n− 1− sv,ℓ,mℓ − kℓ).

Writing p′ℓ = (mℓ − kℓ)/(N − kℓ), the hypergeometric mean formula and 0 ≤ sv,ℓ ≤ kℓ give∣∣∣E1[D
(ℓ)
v | sv,ℓ]− µℓ

∣∣∣ = ∣∣∣∣sv,ℓ + (n− 1− sv,ℓ)p
′
ℓ −

(n− 1)mℓ

N

∣∣∣∣
= (1− p′ℓ)

∣∣∣∣sv,ℓ − (n− 1)kℓ
N

∣∣∣∣ ≤ kℓ.

To control fluctuations of D
(ℓ)
v around the conditional mean, we will apply (A.2) to the hypergeo-

metric random variable D
(ℓ)
v − sv,ℓ. Its mean satisfies

E1[D
(ℓ)
v − sv,ℓ | sv,ℓ] = (n− 1− sv,ℓ)p

′
ℓ ≤ (n− 1)

mℓ

N
= µℓ.

Taking u = C0σℓ
√
log n in (A.2) and applying a union bound therefore gives, with conditional

probability 1− o(1), simultaneously for all v ∈ [n] and ℓ ∈ [L],

|D(ℓ)
v − µℓ| ≤

∣∣∣D(ℓ)
v − E1[D

(ℓ)
v | sv,ℓ]

∣∣∣+ ∣∣∣E1[D
(ℓ)
v | sv,ℓ]− µℓ

∣∣∣
≤ C0σℓ

√
log n+ kℓ.

The estimate is uniform in the hub and planted edges, so the claim follows under P1.
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Proof of Lemma 2.1. We claim that the SNR vector a admits the approximation

∥a∥22 =
L∑

ℓ=1

k2ℓ
µℓ

+ o(1) =

L∑
ℓ=1

nk2ℓ
2mℓ

+ o(1). (A.3)

Indeed, (1.2) gives an error in layer ℓ of O(k2ℓ/n+ (k2ℓ/µℓ)/n) = o(1) by (1.3).
For the rest of the proof, we work on the event that (A.1) holds for every v ∈ [n] and ℓ ∈ [L].

By Lemma A.2, this event has probability 1− o(1) under both P0 and P1. The estimates below are
uniform over vertices v and layers ℓ on this event.

For each layer ℓ, the corresponding factor in the likelihood ratio (2.1) can be written as(
N
mℓ

)(
D

(ℓ)
v
kℓ

)(
n−1
kℓ

)(
N−kℓ
mℓ−kℓ

) = Cℓ
(D

(ℓ)
v )kℓ

µkℓℓ
, where Cℓ =

(N)kℓ
(mℓ)kℓ

µkℓℓ
(n− 1)kℓ

,

where (x)k = x(x− 1) · · · (x− k + 1) denotes the falling factorial.
Expanding the falling factorials in Cℓ and using µℓ = (n− 1)mℓ/N , k2ℓ/n = o(1) and k2ℓ/mℓ =

O(logn/n), we obtain

logCℓ = O

(
k2ℓ
n

+
k2ℓ
mℓ

)
= o(1). (A.4)

Set ∆v,ℓ = D
(ℓ)
v − µℓ. By (A.1), for every 0 ≤ j < kℓ,∣∣∣∣∆v,ℓ − j

µℓ

∣∣∣∣ ≤ C0σℓ
√
log n+ 2kℓ
µℓ

= O

(
log n

kℓ

)
= o(1).

We can therefore expand each logarithm using log(1 + x) = x+O(x2):

log
(D

(ℓ)
v )kℓ

µkℓℓ
=

kℓ−1∑
j=0

log

(
1 +

∆v,ℓ − j

µℓ

)

=
kℓ∆v,ℓ

µℓ
− kℓ(kℓ − 1)

2µℓ
+O

(
kℓ(σ

2
ℓ logn+ k2ℓ )

µ2ℓ

)
=
kℓ∆v,ℓ

µℓ
−

k2ℓ
2µℓ

+ o(1)

= aℓY
(ℓ)
v −

a2ℓ
2

+ o(1),

(A.5)

where in the third line we used that the Taylor remainder is O((logn)2/kℓ) = o(1), and kℓ/µℓ =

O(logn/kℓ) = o(1), by (1.3), and where the final equality uses kℓ∆v,ℓ/µℓ = aℓY
(ℓ)
v from (1.5) and

(1.4), and k2ℓ/µℓ = a2ℓ + o(1) from the error estimate for each layer following (A.3).
Since L is fixed, summing over layers preserves the uniform o(1) error. Combining (A.5) with

(A.4) and the definition of Sv in (1.6), the logarithm of each vertex’s product in (2.1) is ∥a∥2Sv −
∥a∥22/2+ o(1). Exponentiating gives a multiplicative 1+ o(1) error, uniform over vertices, that can
be taken outside the average in (2.1). This proves (2.2).
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B Proofs for Section 3

In this appendix we prove Lemma 3.2, stated in Section 3, and its conditional version, Lemma B.7.
The latter controls the effect of conditioning on the layer degrees of a fixed number of other
vertices. All probabilities and expectations involving graph degrees in this appendix are under the
null distribution. We use the notation Sv(u) and δu introduced before Lemma 3.2.

B.1 Gaussian estimates for weighted Bernoulli sums

We use the strongly Rayleigh property of the Hypergeometric distribution to bound its cumulants
and obtain Gaussian moderate deviations.

B.1.1 Strongly Rayleigh property

For a nonnegative integer-valued random variable Y with finite support, define its probability
generating function (PGF) to be λ 7→ E[λY ] for λ ∈ C. A polynomial is real stable if it has real
coefficients and is nonzero whenever all its arguments have positive imaginary part. We say that a
distribution on {0, 1}N is strongly Rayleigh (cf. Borcea et al., 2009, Definitions 2.9 and 2.10) if its
multivariate PGF is real stable.

Fact B.1 (Essentially in Borcea et al., 2009). The uniform distribution over subsets of a fixed size
is strongly Rayleigh. Consequently, the Hypergeometric distribution has a real stable PGF.

Proof of Fact B.1. Consider the uniform distribution over subsets of size m of [N ], i.e. P[X =

1S ] =
(
N
m

)−1
for any S ⊂ [N ] with |S| = m, where X = (X1, . . . , XN ) is a collection of {0, 1}-

valued random variables with Xi indicating inclusion of the i-th element. Its PGF is

gX(z1, . . . , zN ) =
1(
N
m

)em(z1, . . . , zN ),

where em(z1, . . . , zN ) =
∑

S⊆[N ]
|S|=m

∏
i∈S zi is the m-th elementary symmetric polynomial. Define

F (t, z1, . . . , zN ) =
N∏
i=1

(t+ zi) =
N∑

m=0

em(z1, . . . , zN )tN−m.

Note that F (t, z1, . . . , zN ) is real stable. On the other hand

em(z1, . . . , zN ) =
1

(N −m)!
∂N−m
t F (t, z1, . . . , zN )|t=0.

By Borcea et al. (2009, Proposition 3.1), real stability is closed under taking derivatives and spe-
cializing to real constants, thus em inherits the real stability property from F (t, z1, . . . , zN ).

Suppose without loss of generality that the firstK indicatorsX1, . . . , XK are marked as desirable
objects. Then Y =

∑K
i=1Xi ∼ Hypergeom(N,K,m). Let gY (λ) = EλY denote the PGF of Y . We

have the relation
gY (λ) = gX(λ, . . . , λ︸ ︷︷ ︸

K times

, 1, . . . , 1).

By Borcea et al. (2009, Proposition 3.1, Definition 2.8), since gY is the projection and diagonaliza-
tion of gX onto the first K coordinates, it is a real stable polynomial.
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A univariate PGF is real stable if and only if it has all real roots. Coupled with the fact that
the Hypergeometric PGF has nonnegative coefficients, we arrive at the following.

Corollary B.2. Let Y ∼ Hypergeom(N,K,m) where 0 ≤ K,m ≤ N . Then the PGF of Y has
only real nonpositive roots. More precisely, writing r0 = max{0,m + K − N}, its zero root has
multiplicity r0, and the polynomial z−r0gY (z) has strictly negative roots.

Our next result gives a Bernoulli factorization for distributions with real stable PGFs.

Lemma B.3. Let H be a nonnegative integer-valued random variable with finite support whose
PGF has only real roots. Then, for some deterministic integers r0, J ≥ 0 and independent Bernoulli
variables ξ1, . . . , ξJ ,

H
d
= r0 +

J∑
j=1

ξj . (B.1)

Proof of Lemma B.3. Write r0 for the multiplicity of the zero root and ζ1, . . . , ζJ for the strictly
negative roots, counted with multiplicity. Factoring the PGF and using gH(1) = 1 gives

gH(z) = zr0
J∏

j=1

z − ζj
1− ζj

= zr0
J∏

j=1

(1− pj + pjz), pj = (1− ζj)
−1 ∈ (0, 1).

This is the PGF of the claimed sum.

B.1.2 Cumulant bounds

We begin with a bound on cumulants which leads to asymptotics of the moment and cumulant
generating functions. These estimates will be used below to approximate truncated exponential
moments. For any random variable Y , we denote by κr(Y ) its rth cumulant.

Lemma B.4. Let H be a nonnegative integer-valued random variable with finite support and a
real-rooted PGF. Then there exists a universal constant C0 ≥ 1 such that

|κr(H)| ≤ Cr
0r!Var(H), r ≥ 3. (B.2)

In particular, if µ = EH, σ2 = Var(H) > 0, and Y = (H − µ)/σ, then

|κr(Y )| ≤ Cr
0r!

σr−2
, for all r ≥ 3. (B.3)

Furthermore, for |t| = o(σ1/3) as σ → ∞ we have logE[etY ] = t2

2 +o(1) and E[etY ] = (1+o(1))et
2/2.

Proof of Lemma B.4. First assume σ2 = Var(H) > 0. Our first step is to establish the following
bound for the cumulants:

|κr(Y )| ≤ 2

σr−2

r∑
q=1

(q − 1)!S(r, q) (B.4)

where S(r, q) denotes Stirling numbers of the second kind. To this end, write g(z) = E[zH ]. By
Lemma B.3, with {ζj}Jj=1 denoting its strictly negative roots and r0 the multiplicity of its zero
root, we have the factorization

g(z) = zr0
J∏

j=1

z − ζj
1− ζj

. (B.5)
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The normalization is deduced from g(1) = 1. Furthermore, since ζj < 0, by setting aj := −1/ζj > 0,
we have

z − ζj
1− ζj

=
1 + ajz

1 + aj
,

and (B.5) becomes

g(z) = zr0
J∏

j=1

1 + ajz

1 + aj
. (B.6)

Define the moment and cumulant generating functions M(t) := E[etH ] and K(t) := logM(t)
respectively. Since H is integer-valued, we have the relations

M(t) = g(et), K(t) = log g(et), and κr(H) = K(r)(0).

Plugging (B.6) into K(t) yields

K(t) = log g(et) = r0t+

J∑
j=1

(
log(1 + aje

t)− log(1 + aj)
)
= r0t+

J∑
j=1

ϕaj (t), (B.7)

where ϕa(t) := log(1+ aet)− log(1+ a). The deterministic term r0t affects only the first cumulant.
For a > 0, define

ρ :=
a

1 + a
∈ (0, 1),

so that ϕa(t) = log
(
1 + ρ(et − 1)

)
. We have the expansions

log(1 + u) =
∑
q≥1

(−1)q+1u
q

q
, and (et − 1)q = q!

∑
ℓ≥q

S(ℓ, q)
tℓ

ℓ!
,

where S(ℓ, q) denotes Stirling numbers of the second kind. It follows that

ϕa(t) =
∑
q≥1

(−1)q+1 ρ
q

q

q!∑
ℓ≥q

S(ℓ, q)
tℓ

ℓ!


=
∑
q≥1

(−1)q+1ρq(q − 1)!
∑
ℓ≥q

S(ℓ, q)
tℓ

ℓ!
.

Now, fix an integer r ≥ 3. Reading off the coefficient of tr/r!, we obtain the formula

ϕ(r)a (0) =

r∑
q=1

(−1)q+1ρq(q − 1)!S(r, q). (B.8)

Now, observe that ϕ′′a(0) = ρ(1− ρ). For ρ ≤ 1/2, we can write

|ϕ(r)a (0)| ≤ ρ

r∑
q=1

(q − 1)!S(r, q)

≤ 2 ρ(1− ρ)

r∑
q=1

(q − 1)!S(r, q) = 2ϕ′′a(0)

r∑
q=1

(q − 1)!S(r, q). (B.9)
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For ρ > 1/2, use ϕa(t) = t+ ϕ1/a(−t), whose Bernoulli parameter is 1− ρ < 1/2. Its derivatives of
order r ≥ 2 have the same absolute values, so (B.9) holds for every ρ ∈ (0, 1). Putting everything
together,

|κr(H)| ≤
J∑

j=1

|ϕ(r)aj (0)|

≤ 2
( r∑

q=1

(q − 1)!S(r, q)
) J∑

j=1

ϕ′′aj (0) = 2σ2
( r∑

q=1

(q − 1)!S(r, q)
)
. (B.10)

Because Y = (H − µ)/σ, we have κr(Y ) = κr(H)/σr, so the desired (B.4) follows for all r ≥ 3.
Next consider the cumulant generating function KY (t) of Y :

KY (t) =
t2

2
+
∑
r≥3

κr(Y )
tr

r!
. (B.11)

For notational convenience, define

Ar :=
r∑

q=1

(q − 1)!S(r, q)

so that (B.4) is |κr(Y )| ≤ 2Ar/σ
r−2. Consider the exponential generating function

F (z) :=
∑
r≥1

Ar
zr

r!
.

Using the identity (ez − 1)q = q!
∑

r≥q S(r, q) z
r/r! and swapping sums,

F (z) =
∑
r≥1

r∑
q=1

(q − 1)!S(r, q)
zr

r!
=
∑
q≥1

(q − 1)!
∑
r≥q

S(r, q)
zr

r!

=
∑
q≥1

(q − 1)! · (e
z − 1)q

q!
=
∑
q≥1

(ez − 1)q

q
= − log

(
1− (ez − 1)

)
= − log

(
2− ez

)
.

The function F (z) = − log(2− ez) is analytic on the disk |z| < log 2, since the nearest singularity
occurs at z = log 2 and its complex translates. Therefore the radius of convergence of F is log 2.
Thus, fix any ρ ∈ (0, log 2) and set Mρ := sup|z|=ρ |F (z)| <∞. By Cauchy’s estimate,

Ar

r!
≤ Mρ

ρr
for all r ≥ 1,

which proves the asserted bound on cumulants, both in (B.2) and in (B.3). Furthermore,∣∣∣KY (t)−
t2

2

∣∣∣ ≤ |t|2
∑
r≥3

2Ar

r!

( |t|
σ

)r−2

≤ 2Mρ|t|2
∑
r≥3

ρ−r
( |t|
σ

)r−2
= 2Mρ|t|2ρ−2

∑
k≥1

( |t|
ρσ

)k
.

28



The logarithm in (B.11) is analytic near zero, and the coefficient bound extends its Taylor series to
|t| < ρσ. Exponentiating the series and using the identity theorem shows that it agrees there with
the branch of logMY that vanishes at zero. Since |t| = o(σ1/3), we have |t|/(ρσ) < 1 and so∣∣∣KY (t)−

t2

2

∣∣∣ ≤ 2Mρ

ρ3
|t|3/σ

1− |t|/(ρσ)
= o(1). (B.12)

Exponentiating gives

MY (t) = E[etY ] = exp
( t2
2
+ o(1)

)
= exp

( t2
2

)
(1 + o(1)).

This finishes the proof when σ2 > 0. If Var(H) = 0, then H is deterministic and all its cumulants
of order at least two vanish, so (B.2) holds as well.

B.1.3 Weighted Bernoulli sums and exponential tilting

By Lemma B.3, each layer degree can be represented in distribution as a deterministic shift plus
a sum of independent Bernoulli variables. Since the layers are independent, the projected degree
Sv(u) has a corresponding representation, with each Bernoulli summand from layer ℓ carrying
weight uℓ/σℓ. We extend the preceding cumulant bounds to these weighted sums, then use them
to obtain Gaussian approximations for their distributions and truncated exponential moments.

In this section, denote

X = c+
M∑
j=1

wjξj , (B.13)

where ξj are independent Bernoulli r.v.’s. Put δ = maxj |wj | and v = Var(X) > 0.

Lemma B.5. There exists a universal constant C such that

sup
x∈R

∣∣∣∣P(X − EX√
v

≤ x

)
− Φ(x)

∣∣∣∣ ≤ C
δ√
v
. (B.14)

Proof of Lemma B.5. Lemma B.4 and additivity of cumulants give

|κr(X)| ≤ Cr
0r!
∑
j

|wj |r Var(ξj) ≤ Cr
0r!vδ

r−2, r ≥ 3, (B.15)

where C0 is universal. For µ = EX and K(u) = logEeuX , summing the cumulant series and its
derivatives gives

K(u) = µu+
vu2

2
+O(vδ|u|3), (B.16)

K ′(u) = µ+ vu+O(vδ|u|2), K ′′(u) = v +O(vδ|u|), (B.17)

uniformly when |u|δ is sufficiently small. After normalization, the cumulant bound satisfies the
hypotheses of Döring et al. (2022, Theorem 2.4) with ∆ ≍

√
v/δ, yielding the claimed error.
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Lemma B.6. Consider a family of weighted sums X of the form (B.13), whose representations
may depend on n. Suppose that the following bounds hold uniformly over the family as n→ ∞:

δ(logn)3/2 = o(1), EX = O(δ), and Var(X) = 1 +O(δ2).

Then (3.4)–(3.6) hold with Sv(u) replaced by X, uniformly over the family and for |s|, |t| =
O(

√
logn).

Proof of Lemma B.6. Write K(u) = logEeuX . By (B.16), we have K(s) = s2/2 + o(1), which
proves the first claim:

EesX = eK(s) = (1 + o(1))es
2/2. (B.18)

For the truncated moments, tilt the joint law of ξ1, . . . , ξM in (B.13) by

dP(s)

dP
= esX−K(s) =

M∏
j=1

eswjξj

Eeswjξj
.

This product form shows that ξ1, . . . , ξM remain independent Bernoulli variables under P(s). By
(B.17), the mean and variance of X under this law satisfy

ms = K ′(s) = s+O(δ(1 + s2)), and τ2s = K ′′(s) = 1 +O(δ2 + δ|s|).

Thus (X −ms)/τs is standardized with largest absolute weight O(δ). Its cumulant bound (B.15)
permits Döring et al. (2022, Theorem 2.1), originating from Rudzkis et al. (1978), with ∆ ≍ δ−1.
Uniformly for 0 ≤ x = O(

√
log n), this gives

P(s)
(
(X −ms)/τs ≥ x

)
Φc(x)

= exp{O(δ(1 + x3))} = 1 + o(1).

Reflection gives the corresponding lower tail estimate, while (B.14) controls the complementary
tails. Moreover,

t−ms

τs
= t− s+O

(
δ(1 + log n)

)
.

The logarithmic derivatives of Φ and Φc are O(1+ |x|), so this replacement changes either Gaussian
tail by a factor 1 + o(1). Combining these estimates with (B.18) gives the second claim:

E[esX1{X≥t}] = eK(s)P(s)(X ≥ t) = (1 + o(1))es
2/2Φc(t− s).

The same argument applied to {X < t} gives the third claim:

E[esX1{X<t}] = eK(s)P(s)(X < t) = (1 + o(1))es
2/2Φ(t− s).

All error bounds are uniform because the estimates depend on the particular sum only through
δ and the mean and variance bounds, which the hypotheses control uniformly over the family.
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B.2 Projected degree estimates

Proof of Lemma 3.2. Lemma B.3 and independence of the layers give a representation

Sv(u)
d
= c+

∑
ℓ,j

uℓ
σℓ
ξℓ,j ,

where all the Bernoulli variables on the right are independent. This variable has mean zero, variance
one, and largest absolute weight δu. In particular, (B.15) gives |κr(Sv(u))| ≤ Cr

0r!δ
r−2
u for r ≥ 3.

The result follows by Lemma B.6.

We next show that the preceding estimates are preserved even when conditioning on the full
layer degrees of a fixed number of vertices.

Lemma B.7. Suppose (1.3) holds, and let r be a fixed positive integer. Fix distinct vertices
w1, . . . , wr, v, and let

D = {D(ℓ)
wi

= diℓ : 1 ≤ i ≤ r, 1 ≤ ℓ ≤ L}

be an event of positive probability. Then uniformly over D, all unit vectors u ∈ RL, and |s|, |t| =
O(

√
logn),

E[esSv(u) | D] = (1 + o(1))es
2/2, (B.19)

E[esSv(u)1{Sv(u)≥t} | D] = (1 + o(1))es
2/2Φc(t− s), (B.20)

E[esSv(u)1{Sv(u)<t} | D] = (1 + o(1))es
2/2Φ(t− s). (B.21)

Proof of Lemma B.7. Let W = {w1, . . . , wr} be the r vertices whose degrees are fixed by D. Once
we also fix the edges within W , the degree of v in each layer has an independent Bernoulli repre-
sentation, by Lemma B.3. We check that its mean and variance differ from their null values by
only Or(1), then apply Lemma B.6 and average over those edges.

Fix the presence or absence of every edge within W in every layer. Write C for the event
combining this choice with D, and suppose P(C) > 0. The layers remain independent under C,
since it conditions each layer separately.

Let us fix a layer ℓ and suppress its index, writing Dv = D
(ℓ)
v , di = diℓ, m = mℓ, µ = µℓ, and

σ = σℓ. Let hi count the neighbors of wi inside W in this layer. The number of edges with both
endpoints outside W can be computed as

m′ = m−
r∑

i=1

di +
1

2

r∑
i=1

hi.

For each wi, its di − hi neighbors outside W form a uniform subset of the n− r remaining vertices.
The m′ edges wholly outside W likewise form a uniform subset of their

(
n−r
2

)
possibilities. These

choices are independent: their counts are fixed, their edge classes are disjoint, and every admissible
graph is equally likely.

Let ξi indicate the edge {wi, v}, and let H count edges from v to other vertices outside W .
Under C, we have

Dv
d
=

r∑
i=1

ξi +H, (B.22)
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with independent summands with distributions

ξi ∼ Bernoulli

(
di − hi
n− r

)
, and H ∼ Hypergeom

((
n− r

2

)
, n− r − 1,m′

)
.

Hence

E[Dv | C] =
∑

i(di − hi) + 2m′

n− r
=

2m−
∑

i di
n− r

= µ+Or(1). (B.23)

The error is uniform because di ≤ n − 1 and µ = o(n). For the variance, the r Bernoulli terms
contribute at most r/4. The hypergeometric term has mean 2m′/(n − r) = µ + Or(1). Since
m′ = m+Or(n) and

(
n−r
2

)
= N +Or(n), its variance satisfies

Var(H | C) = 2m′

n− r

(
1− 2

n− r

) (n−r
2

)
−m′(

n−r
2

)
− 1

= (µ+Or(1))

[(
1− 2

n

)
N −m

N − 1
+Or(n

−1)

]
= σ2 +Or(1 + µ/n) = σ2 +Or(1),

where the last line uses (1.2) and µ = o(n). Adding the independent Bernoulli variances therefore
gives

Var(Dv | C) = σ2 +Or(1). (B.24)

Applying Lemma B.3 to H and restoring the layers, we obtain the representation (B.13) with
X = Sv(u) and each Bernoulli term from layer ℓ weighted by uℓ/σℓ. The preceding bounds and
layer independence give

E[Sv(u) | C] = OL,r(δu), Var(Sv(u) | C) = 1 +OL,r(δ
2
u).

By (3.3), δu ≤ σ−1
∗ ≪ (logn)−3/2, where σ∗ = minℓ∈[L] σℓ. Thus the hypotheses of Lemma B.6 hold

under C, uniformly over the fixed degrees, edges inside W , and unit vectors u. The leading terms
in (B.19)–(B.21) do not depend on the edges inside W , so averaging over those edges preserves the
uniform relative errors and leaves conditioning only on D.

For example, taking r = 1 and conditioning once gives, for distinct w, v and |s|, |t| = O(
√
log n),

E
[
esSw(u)+sSv(u)1{Sw(u)<t, Sv(u)<t}

]
= (1 + o(1))es

2
Φ(t− s)2. (B.25)

C Proofs for Section 4

We prove Lemmas 4.1 and 4.2 from Section 4, then use these estimates to establish Corollary 1.5
and the leaf recovery limitation stated after it. Throughout this appendix, write

a := ∥a∥2.
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C.1 Maximum of projected degree

Proof of Lemma 4.1. Define

X :=

n∑
v=1

1{Sv≥t∗n}, and p := P0(S1 ≥ t∗n).

By linearity of expectation, Lemma 3.2, and Theorem 3.4, we obtain

E0X = np = (1 + o(1))
1√
4π

(logn)1/(2α)−1/2.

The α > 1 case in (4.1) then follows since P0(maxv Sv ≥ t∗n) = P0(X ≥ 1) ≤ E0X = o(1) by
Markov’s inequality.

If 0 < α < 1, then E0X → ∞ instead, and we use the second moment method. Conditioning

on vertex 1’s layer degrees (D
(1)
1 , . . . , D

(L)
1 ), and applying Lemma B.7 with s = 0 gives

P0(S1 ≥ t∗n, S2 ≥ t∗n) = (1 + o(1))p2.

It follows that
Var0X

(E0X)2
=

1

E0X
+ o(1) = o(1),

The Paley–Zygmund inequality therefore gives P0(X > 0) ≥ (E0X)2/E0[X
2] = 1 − o(1), proving

the 0 < α < 1 case of (4.1). Both thresholds differ from
√
2 logn by o(1), which proves (4.2). The

same calculation applies to a sum over n − 1 vertices. The estimates used here, (3.5) and (B.20),
are uniform in the choice of the unit vector, proving the last assertion.

Proof of Lemma 4.2. Recall σ∗ = minℓ σℓ from Lemma 5.1. We first bound the maximum statistic
away from the hub above and below using the same coupling, given as follows. Choose the hub v∗
and planted star sets Sℓ as in the model. Independently of these choices, take independent uniform

permutations πℓ of all N possible edges. For the upper bound, let G
(ℓ)
0 consist of the first mℓ edges

under πℓ, and let Hℓ consist of the first mℓ−kℓ edges outside Sℓ. Set G
(ℓ)
1 = Sℓ∪Hℓ. Then G0 ∼ P0

and G1 ∼ P1.
Observe that the first mℓ − kℓ edges outside Sℓ must occur within the first mℓ positions of πℓ,

since at most kℓ positions can be occupied by star edges. Thus Hℓ ⊆ G
(ℓ)
0 almost surely under

this coupling. Every vertex other than the hub is incident to at most one star edge in each layer,

so D
(ℓ)
v (G1) ≤ D

(ℓ)
v (G0) + 1 for v ̸= v∗. Since the projection coefficients are nonnegative, these

inequalities give

Sv(G1) ≤ Sv(G0) + εn, where εn :=
1

∥a∥2

∑
ℓ

aℓ
σℓ

= O(σ−1
∗ ), (C.1)

Since εn
√
log n = o(1), Lemma 3.2 and Theorem 3.4 imply, for α > 1,

nP0(S1 ≥ t∗n − εn) = (1 + o(1))nΦc(t∗n) = o(1).

A union bound then proves (4.3), and also the upper bound in (4.4).
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For the lower bound, we will consider a smaller “null graph” contained in the planted graph.

Let G
(ℓ)
− consist of the first mℓ− kℓ edges of the same permutation πℓ, without omitting star edges.

Every such edge is either in Sℓ or among the first mℓ − kℓ nonstar edges. Therefore,

G
(ℓ)
− ⊆ G

(ℓ)
1 .

Marginally, the layers G
(ℓ)
− are independent G(n,mℓ − kℓ) graphs. Their degree means µℓ,− and

standard deviations σℓ,− satisfy

µℓ,− = µℓ −
2kℓ
n
, and

σℓ,−
σℓ

= 1 +O

(
kℓ
mℓ

)
.

Using these means and standard deviations, define

Sv,− :=
1

∥a∥2

∑
ℓ

aℓ
D

(ℓ)
v (G−)− µℓ,−

σℓ,−
.

The parameter regime (1.3) remains valid withmℓ and µℓ replaced bymℓ−kℓ and µℓ,−, respectively.
Equations (3.5) and (3.6), applied separately to each layer, show that the maximum absolute
standardized degree is OP(

√
log n) in each layer. Since kℓ/mℓ = O(log n/(nkℓ)) and kℓ/σℓ =

O(
√
logn), changing the centering contributes O(

√
log n/n), and changing the scaling contributes

oP(1), uniformly over vertices. Thus the statistic Sv(G−), which uses the original means and
standard deviations, satisfies

max
v∈[n]

|Sv(G−)− Sv,−| = oP(1).

Lemma 4.1, with the unchanged direction a/∥a∥2, gives maxv ̸=v∗ Sv,− =
√
2 logn + oP(1). The

preceding comparison and G
(ℓ)
− ⊆ G

(ℓ)
1 therefore give the required lower bound for the planted

maximum.
We finally prove (4.5). The degree of the planted hub in layer ℓ has the exact law

D(ℓ)
v∗ − kℓ ∼ Hypergeom(N − kℓ, n− 1− kℓ,mℓ − kℓ), (C.2)

independently across layers. We compute

E1D
(ℓ)
v∗ = µℓ + kℓ +O

(
kℓµℓ
n

+
kℓ
n

)
= µℓ + kℓ + o(σℓ),

where in the last equality we used
kℓ

√
µℓ

n = kℓ√
n

√
µℓ
n = o(1). Similarly, the hypergeometric variance,

together with kℓ = o(
√
n), kℓ/mℓ = o(1), and mℓ = o(N), gives

Var1(D
(ℓ)
v∗ ) = (1 + o(1))σ2ℓ .

Since σ2ℓ /µℓ = 1 +O(1/n+ µℓ/n), we also have

kℓ
σℓ

− aℓ = O

(
kℓ

n
√
µℓ

+
kℓ
√
µℓ

n

)
= o(1).

Consequently, E1Sv∗ = a+ o(1) and Var1(Sv∗) = 1 + o(1).
By Lemma B.3, the centered projection is distributed as a weighted sum of independent centered

Bernoulli variables, with largest absolute weight at most 1/σ∗. Lemma B.5 shows that the centered
and standardized projection converges in distribution to N (0, 1). The preceding mean and variance
estimates therefore prove (4.5).
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C.2 Hub and leaf recovery

Proof of Corollary 1.5. By Lemma 4.2,

Sv∗ − a
d−→ N (0, 1), and max

v ̸=v∗
Sv =

√
2 logn+ oP1(1).

For every fixed ε > 0, the second relation gives

P1(Sv∗ >
√

2 logn+ ε)− o(1) ≤ P1(v̂ = v∗)

≤ P1(Sv∗ ≥
√

2 logn− ε) + o(1).

Applying the Gaussian limit and letting ε ↓ 0 gives

P1(v̂ = v∗) = Φ
(
a−

√
2 logn

)
+ o(1).

This gives the success probability of v̂.
It remains to prove that no estimator has a larger limiting success probability. Bayes’ rule gives

P1(v∗ = v | G) =

∏L
ℓ=1

(
D

(ℓ)
v
kℓ

)
∑n

u=1

∏L
ℓ=1

(
D

(ℓ)
u
kℓ

) .
Thus the maximum a posteriori (MAP) estimator maximizes the success probability among all

estimators. It selects a vertex maximizing
∏

ℓ

(
D

(ℓ)
v
kℓ

)
, or equivalently

∑
ℓ log(D

(ℓ)
v )kℓ .

We will next expand log(D
(ℓ)
v )kℓ to obtain

∑
ℓ log(D

(ℓ)
v )kℓ = Cn + aSv + o(a) uniformly over v,

where Cn does not depend on v. As in the proof of Lemma 2.1, on the event that (A.1) holds,
Taylor’s formula gives, uniformly in v,

log(D(ℓ)
v )kℓ = kℓ log µℓ +

kℓ(D
(ℓ)
v − µℓ)

µℓ
− kℓ(kℓ − 1)

2µℓ
+O

(
kℓ(σℓ

√
logn+ kℓ)

2

µ2ℓ

)
.

All factors are positive on this event, because (σℓ
√
log n + kℓ)/µℓ = o(1). Since σ2ℓ ≍ µℓ and

a2ℓ ≍ k2ℓ/µℓ, the remainder is

O

(
a2ℓ log n+ a4ℓ

kℓ

)
.

After summing over layers and dividing by a > 0, it is at most

O

(
a logn+ a3

minℓ kℓ

)
= O

(
(log n)3/2

minℓ kℓ

)
= o(1).

Consequently, for a deterministic Cn,

max
v

∣∣∣∣∣
L∑

ℓ=1

log(D(ℓ)
v )kℓ − Cn − aSv

∣∣∣∣∣ = o(a) (C.3)

with probability 1− o(1) under P1. Here Cn is the sum of the terms in the Taylor expansion that
do not depend on v.
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Thus, if the MAP estimator selects v∗, (C.3) forces

Sv∗ ≥ max
v ̸=v∗

Sv − o(1).

By (4.4) and (4.5), the success probability of the MAP estimator is therefore at most Φ(a −√
2 logn) + o(1). Together with the lower bound attained by v̂, this proves (1.10).

We now state the leaf recovery limitation mentioned after Corollary 1.5.

Proposition C.1. Suppose (1.3) holds. For each layer ℓ, let Sℓ denote its planted leaf set. Then
for every fixed C <∞ and ε > 0, any estimator with |Ŝℓ| ≤ Ckℓ satisfies

P1(|Ŝℓ ∩ Sℓ| ≥ εkℓ) = o(1),

uniformly over such estimators, even if they use all observed layers and are given the true hub v∗.

Proof of Proposition C.1. Condition on the observed multiplex graph and on v∗. For every kℓ-
subset of its neighbors in layer ℓ, the probability of choosing that subset as the planted leaves and
then completing the observed graph is the same. The other layers do not alter these probabilities,
by conditional independence. Consequently, the posterior distribution of Sℓ is uniform over the

kℓ-subsets of the D
(ℓ)
v∗ observed neighbors. For any proposed set of size at most Ckℓ,

E1

[
|Ŝℓ ∩ Sℓ|

kℓ

∣∣∣ G, v∗] =
|Ŝℓ ∩NG(ℓ)(v∗)|

D
(ℓ)
v∗

≤ Ckℓ

D
(ℓ)
v∗

.

For randomized estimators, also condition on their independent randomness. The degree concen-

tration estimate implies D
(ℓ)
v∗ ≥ µℓ/2 with probability 1 − o(1), because σℓ

√
log n + kℓ = o(µℓ).

Conditional Markov’s inequality therefore gives, uniformly over the estimators,

P1

(
|Ŝℓ ∩ Sℓ| ≥ εkℓ

)
≤ o(1) +

2Ckℓ
εµℓ

= o(1),

using kℓ/µℓ = O(log n/kℓ) = o(1).

D Proofs for Section 5

In this appendix we prove Lemma 5.2. We write a := ∥a∥2 and b := a/∥a∥2 throughout.

D.1 Proof of Lemma 5.2

Proof of Lemma 5.2. We first compute the hub’s degree means and variances, then establish the
Gaussian limit for its standardized degree vector, and finally pass to the norm of its positive part.

Throughout the proof, we work under P1, conditional on v∗. The variables Y
(ℓ)
v∗ still use the null

means µℓ and standard deviations σℓ from (1.2). Put s = n − 1 and pℓ = mℓ/N . The exact null
variance is

σ2ℓ = µℓ(1− pℓ)
N − s

N − 1
.
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The hub’s degree in each layer has the distribution

D(ℓ)
v∗ = kℓ +Hℓ, where Hℓ ∼ Hypergeom(N − kℓ, s− kℓ,mℓ − kℓ),

independently across layers. A direct calculation gives

E1Y
(ℓ)
v∗ =

kℓ(1− pℓ)(N − s)

(N − kℓ)σℓ
= aℓ

N − 1

N − kℓ
. (D.1)

Consequently the difference from aℓ is o(1), uniformly over the finitely many layers. The planted
variance satisfies

Var1(D
(ℓ)
v∗ )

σ2ℓ
=

(
1− kℓ

mℓ

)(
1− kℓ

s

)(
N

N − kℓ

)2 N − 1

N − kℓ − 1
= 1 + o(1).

These moment estimates allow us to use the Gaussian approximation from Appendix B. The
fact that the Hypergeometric PGF has only real roots and Lemma B.5 show that the distribution
function of each centered and standardized Hℓ differs from Φ by at most O(Var1(Hℓ)

−1/2) at
every threshold. Independence and fixed L give the joint Gaussian limit for Yv∗ − E1Yv∗ . Since
E1Yv∗ − a = o(1), we obtain

Zn := Yv∗ − a
d−→ N (0, IL).

Applying the same approximation to projections gives ⟨b,Zn⟩
d−→ N (0, 1), including when b varies

with n.
It remains to pass from the vector limit to the norm. The map y 7→ ∥(y)+∥2 has Lipschitz

constant 1, so Rv∗ = a + OP1(1). To obtain the Gaussian fluctuation when a → ∞, observe that
for every nonnegative vector a and every z ∈ RL,

0 ≤ ∥(a+ z)+∥22 − ∥a∥22 − 2⟨a, z⟩ ≤ ∥z∥22.

With z = Zn = OP1(1), the remainder in this squared norm is bounded in probability, even when
some coordinates of b tend to zero. Taking square roots and using the projection limit gives (5.2):

Rv∗ − a = ⟨b,Zn⟩+ oP1(1)
d−→ N (0, 1) when a→ ∞.
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