Math 4261: Mathematical Statistics I

Lecture 13: Properties of MLE
(References: Rice 8.5; DS 7.5)
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Recap: Asymptotic normality

Consider an estimator 8 = 8(X1,...,X,,) of 6. Here X1,...,X,,
are data from some distribution parametrized by 6.

» Asymptotic normality means

~ d
V(8 = 0) — N(0,v(0)).

» In particular, ] consistency.

» Large-sample approximation: 8 =~ N'(8,v(6)/n).

» Sampling error has 1/,/n scale; approximate standard error

v(0)/[n.



Recap: Delta method and Pareto

» If /n(S —m) <, N(0,v), the delta method gives for smooth g:

d
Vn(g(S) = g(m)) — N(0,g'(m)").
» For Pareto(d, 1), we found the MoM estimator

. X
Eol X | = —— > 0 = =

9[ ] MoM X -1
We showed it was consistent for 8 > 1. Furthermore, based on
the delta method, we showed for 6 > 2, asymptotic normality:
specifically

V(Brgons — 0) — N(o, e(g_:;)Q> |



Recap: Plug-in estimators and coin log odds

Suppose we want to estimate g(#), where 0 is some unknown
parameter. If we already have an estimator 6 of 8, then the
plug-in estimator of g(8) is g(9).

Example:

X1,...,X,, ~ Bernoulli(p). Want to estimate log-odds
g(p) = log(p/(1 - p)).

» Used plug-in g(X)
» Delta method gives

Va(g(X) - g(p)) N(O, p(;) -
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Theoretical properties of MLE

Theorem

Let Xy,..., X, ~ i ( |0), where # € Q € R is a single parameter.

Let = 6(X4,...,X,,) denote the MLE. Under regularity conditions”
on f(z | 0),

» § is consistent: § — 6 in probability.

» 4 is asymptotically normal: /n (6 — ) kit N0, ﬁ)

Here I(0) is the single observation Fisher information for
X ~ f(z]9):
2

1(6) = Var, [ O 1og f(X | 9)} _ —IEQ[ I og F(X | 9)}

d0?

where Ey, Vary denote expectation/variance over X ~ f(z | 0).

“In this course we won’t discuss these exact conditions. Three of them
are (i) 6 is not on the boundary of the parameter space, (ii) 6 — log f(x | 6)
is twice differentiable, and (iii) I(6) is nonzero.

e e | e =



Score

For one observation X ~ f(z | #), define the score to be
§(X.0) = 55 log f(X | 0).
90 s f

For i.i.d. observations, /,,(0) = Z;’;l log f(X; | 8) and so

‘Mﬁ

Il
[t

0,(0) = ) s(X;,0).

1

Under usual regularity conditions, the score has mean zero:

Eq[s(X,0)] =0



Interpreting the score
The score is the slope of the log-likelihood.

Example: Let X1,...,X, ud N (u,0%), with 0° > 0 known. Then

s(X,p) = Xa_gu, d(u) = ")
b
gt

TG
> If u < Y, the score is positive: increase L.
> If > X, it is negative: decrease L.

» At the MLE 1 = X, the score is zero.



Fisher information

The function
1(0) = Var, [% log (X | 9)}
5?2
- 5| 2o (1)
is called the Fisher information.
» Fisher information is the variance of the score.

» Since the score has mean zero, it is also I(6) = Eg[s(X, 9)2].

» Here I(0) is for one observation; n i.i.d. observations have
information nl(0).



Using the MLE theorem

Under the conditions of the MLE theorem, for large n,

0~ N(e, nfl(e))'

» The approximate standard error is 1/y/nI(6).

» Replacing 0 by the consistent MLE gives the estimated standard

error:
1

nI(0)

SE =

» More observations give smaller sampling error, with 1/4/n scale.
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Example: Poisson

Let X1,..., X, “ Pois(\). The MLE is A = X (for a positive total

count), where A > 0.

Foxin) = €22 o foy frxIn) = oA £ xby —Ly(x )

Store ;mffxw = -+ &

fisher “fp  Ten) = Uy -aﬂgf[xm)] :V‘V,\['/’f%]

= Lyx &
LU 2

el 9 - ,X - 2 1l
M 9’)\;}71[()4)\) % =) 1(p) =- A[g//‘;[x,fmuj =3

Hense /'n'(ﬁ—)\) —-?JV/O, w)) = VCO, M)



Example: Pareto
Let Xq,..., X, i Pareto(d,1), where 6 > 0. &I 7[0‘/(9)
Pareto(6,1) has PDF f(x | 0) = % for x > 1. &

. -~ _ n ‘ i
(1) Show that the MLE is 6 = ST IR X,

>4

Ay fLXi8) = fso — Gty X
1
by Vit foc9) = j/ﬁ(){; I8) = ndj& -0 & Xi
=4 r-4
n set
) = 7?— - ;AJ x =0

A N

= M § - -
E @ 3 i
[Mf e o fo 0< ]

In'(8) <0 [ §58

N



Example: Pareto c -~
xamp p lgfzxm) Ly 6 =6 g X
For ¢ > 0, Pareto(f, 1) has PDF f(z | 6) = =% for z > 1.

(2) Compute the Fisher information and give the asymptotic
normality statement.

9 - L

(7]
00 x |09 ’
(et /fp[/g)() ‘L x%’d %71 Ax = -ff,/i #M}(
[ |« )
¢, @@—sz] SRS

foe [5 (6-8) =5 Mo 55) = M0.87)



Example: Pareto MoM and MLE

X

Recall from Lecture 12: §MOM = =7

For 6 > 2, compare the two estimators of 6:

o = 0) - 80, "G,

Vi(Bis - 0) —= N(0,6%).

» Both are consistent and asymptotically normal.

» The MLE has smaller asymptotic variance:




Example: Pareto mean from MoM (recap)

» Last class, we found the MoM estimator for 0:

X
X -1

HMOM =

» We showed consistency of éMOM for 8 > 1 and asymptotic
normality for 6 > 2.

» To estimate the population mean u = g(0) = (%1, we used the
plug-in estimator

~ éMoM
9 o e A—
9( M M) P 1

= X.

Let’s see what happens when we use MLE instead for the plug-in.



Example: Pareto mean from MLE

A plug-in estimator of the mean % based on the MLE 6 would be

)

~

6 > 1.

p= =,
g-1

To compute its asymptotic variance:

ME: n (B —8) A, M0.6%)

lan - 5 A L 2
SE o AGm)



Example: Pareto mean from MLE
I

R L4 o ——

el wered  with g(n) = 5= /+;’_—1, L A
fa (§¢8)-5) = s N(0.8°)

= Mo, 8*(56)" )

T 2 //V(D,-@?i;‘,)
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Proof sketch: Consistency of MLE

To explain why the MLE § is consistent, recall that @ is the value of 0
which maximizes (a scaled version) of the log-likelihood:

1 1 ¢
~0,(0) = = > log f(X; | 9)
i=1

Suppose X1,..., X, i f(x | 04), where 0, is the true parameter.
Fixing any 6 (not necessarily 6, ), the above is the sample average of n
i.i.d. random variables. By LLN,

1

== Zlogf (X;|0) = Eg, [log f(X | 0)] in probability.
i=1

Here Ey, [log f(X | 0)] is the expected value of the function

log f(X | 0) under X ~ f(x | 64) (the log-likelihood is evaluated at an
arbitrary parameter § which may be different from 6,).



Proof sketch: Consistency of MLE

Under suitable conditions, the value of # maximizing %EH(H) (which is

the MLE 0) converges in probability to the value of § maximizing the
limiting function L(0) = Ey_[log f(X | 6)].

L09) = Eg, (b frx180)

- e

-,,ll,. (4)
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Proof sketch: Consistency of MLE

Claim
For an identifiable model, the # maximizing L(0) = Eq, [log f(X | )]
is exactly the true parameter 6,.

Lip - Lis,) = By [y fou) - by fxe.))
- E&[I&X—M}

foxige)
g W‘m L?x 0w pnsve -

o V)
Lty) -LL6a) P Jog f&[%)}
by [ A fwe)
J W




Proof sketch: Consistency of MLE

(oA d, =1

Lg)-LWs) € Ay ff‘""” Ix =0

Hoe  LLg) < LL6s) V6
$o LL@) B s avaed oA (9‘.



Proof sketch: Asymptotic normality

Let us give some ideas for why the following is true:
Vi(F - 6) S 0.~
1(0)

(Recall) Slutsky’s lemma

Let {X,,} and {Y,,} be sequences of random variables. Suppose
X, kit X and Y, kit c, where c is a constant. Then

> X, +Y, X+ c

> XY, S X

d
P Xn

v %, provided ¢ # 0.




Proof sketch: Asymptotic normality

NCEY) i/\/(o, ﬁ)

The MLE 6 riviwma Lotwr= 3 dgfeXiio)
5 LiW=0 fue $980 b pb . we
bpud ot for 0 loges G 5 dse + 8
et tperd oroend b
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Proof sketch: Asymptotic normality
/

b/

—4(8)/




Proof sketch: Asymptotic normality

ﬂlwtz s /ﬁ(@,&) ﬁ;l-[im/i/(o, 18))

- M0, 75)






