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Recap: Parameter estimation and MLE

Suppose data X1, . . . , Xn came from joint distribution with
PMF/PDF parametrized by ω ≜ ! ∈ Rk:

f(x1, . . . , xn ⌊ ω).
Goal: estimate ω. ! is the parameter space.

An estimator ⨅ω = ⨅ω(X1, . . . , Xn) is a function of the data. ⨅ω is a
random variable.

The likelihood function and log-likelihood are

lik(ω) = f(X1, . . . , Xn ⌊ ω), εn(ω) = log lik(ω).
The maximum likelihood estimator is

⨅ω = argmax
ω≜!

εn(ω).
MLE ⨅ω is the value of ω that maximizes the joint PMF/PDF at the
observed data.

Recap: Example of Bernoulli MLE

Let X1, . . . , Xn
iid∋ Bernoulli(p), p ≜ [0, 1].

1. Write the log-likelihood: εn(p) = nX log p+ n(1⌐X) log(1⌐ p).
2. Di”erentiate εn and set to zero (for 0 < p < 1):

ε
⨼
n(p) = nX

p ⌐
n(1 ⌐X)
1 ⌐ p

= 0.

3. Solve for the MLE: ⨅p = X.
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Recap: Example of multiple parameters

Let X1, . . . , Xn
iid∋ Gamma(ϑ,ϖ), ω = (ϑ,ϖ) ≜ ! = (0,⨽)2.

1. Find the gradient of εn: →εn = (ϱεεn, ϱϑεn)⊤.
2. Set →εn( ⨅ϑ, ⨅ϖ) = 0. This gives ⨅ϖ = ⨅ϑ/X. where ⨅ϑ satisfies

log ⨅ϑ ⌐
#⨼( ⨅ϑ)
#( ⨅ϑ) = logX ⌐

1
n

n

⨆
i=1

logXi.

⋋ There is no closed-form solution for ⨅ϑ.
⋋ Nevertheless, we showed that a unique solution ⨅ϑ exists.
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Recap: Example of non-i.i.d. model

We studied the Hardy–Weinberg equilibrium, which models the
genotype counts in a population based on the recessive allele
frequency ω ≜ [0, 1], as

(YAA, YAa, Yaa) ∋ Mult⌊n, {(1 ⌐ ω)2, 2ω(1 ⌐ ω), ω2}⌊.
The counts sum to n and are dependent.

The log-likelihood is,

εn(ω) = Const. + (2YAA + YAa) log(1 ⌐ ω) + (YAa + 2Yaa) log ω.
Di”erentiating, setting to zero and solving gives the MLE

⨅ω =
YAa + 2Yaa

2n
.
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Large sample properties

In this lecture, we continue to investigate the statistical
properties of estimators in large samples. In particular, we aim
to understand:

⋋ In typical parametric models, why the sampling
distributions of method of moments and maximum
likelihood estimators are approximately normal for large n.

⋋ General methods to compute the variances of these normal
approximations.

⋋ How to estimate functions of parameters using plug-in
estimators, and approximate their sampling distributions.
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Recap: CLT

Let X1, . . . , Xn be i.i.d., with mean µ and variance 0 < ς2 < ⨽.

Central limit theorem (CLT)⌋
n(Xn ⌐ µ)

ς =
⨆n

i=1 Xi ⌐ nµ

ς
⌋
n

d
⌐↢ N (0, 1).

Equivalently, ⌋
n(Xn ⌐ µ) d

⌐↢ N (0,ς2).
⋋ For large n, Xn is approximately N (µ,ς2/n) distributed.

⋋ The LLN says the sampling error vanishes. The CLT describes
its approximately Gaussian shape and its 1/⌋n scale.
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Example: Poisson

(Revisited). Let X1, . . . , Xn
IID∋ Poisson(ϖ), where ϖ > 0. Recall that

the MoM estimator and MLE are both given by the sample average⨅ϖ = X.

Previously, we computed the bias and variance of ⨅ϖ, showing that

Eϑ[⨅ϖ] = ϖ, Varϑ[⨅ϖ] = ϖ/n.
So ⨅ϖ is unbiased, with standard error

⌋
ϖ/n.

When n is large, asymptotic theory gives a more complete picture of
the statistical behavior of ⨅ϖ: By the LLN, ⨅ϖ ↢ ϖ in probability as
n ↢ ⨽, hence consistent. Furthermore, by the CLT

⌋
n(⨅ϖ ⌐ ϖ) d

⟶ N (0,ϖ)
in distribution as n ↢ ⨽. Informally, the distribution of ⨅ϖ is
approximately normal N (ϖ,ϖ/n) for large n.



Consistency and asymptotic normality

Consistency

We say that an estimator ⨅ω for ω is consistent if

⨅ω ↢ ω in probability, as n ↢ ⨽.

Asymptotic normality

The estimator is asymptotically normal, if, furthermore, for some
asymptotic variance v(ω),

⌋
n ⌊⨅ω ⌐ ω⌊ d

⟶ N (0, v(ω)), as n ↢ ⨽



Implications of asymptotic normality

If an estimator ⨅ω is asymptotically normal, with

⌋
n(⨅ω ⌐ ω) d

⟶ N (0, v(ω)),
then informally, for large n, this tells us the following:

⋋ ⨅ω is asymptotically unbiased. More precisely, the bias of ⨅ω is of
smaller order than 1/⌋n. (Otherwise

⌋
n(⨅ω ⌐ ω) would not

converge to a distribution with mean 0.)

⋋ The standard error of ⨅ω is approximately
⌋
v(ω)/n. In particular,

this is on the order of 1/⌋n, so the variance (rather than the
squared bias) is the main contributing factor to the
mean-squared-error.

⋋ Under the true parameter ω, the sampling distribution of ⨅ω is
approximately N (ω, v(ω)/n).
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Motivation

In the Poisson(ϖ) example, we showed asymptotic normality of
the method of moments estimator ⨅ϖ = X using the CLT.

More generally, for estimating a parameter ω ≜ ! ∈ R, the
method of moments estimator equates

Eω[X] = X.

Supposing that Eω[X] = µ(ω) and µ is a 1-to-1 function, the
method of moments estimator is ⨅ω = µ⌐1(X).
How can we deduce asymptotic normality of ⨅ω from the
asymptotic normality of X?



Delta method

If S is an asymptotically normal statistic and g is a smooth function
on an open interval containing its limit, then g(S) will also be
asymptotically normal. This is formalized as the delta method.

Theorem (Delta method)

Suppose S = S(X1, . . . , Xn) satisfies

⌋
n(S(X) ⌐ µ(ω)) d

⟶ N (0, v(ω))
in distribution as n ↢ ⨽, when X1, . . . , Xn

IID∋ f(x ⌊ ω).
If g ⋌ I ↢ R is continuously di”erentiable at µ(ω), where I is an open
interval containing µ(ω), then

⌋
n⌊g(S(X)) ⌐ g(µ(ω))⌊ d

⟶ N ⌊0, g⨼(µ(ω))2v(ω)⌊.



Proof sketch of the delta method



Example: Poisson

Let X1, . . . , Xn
iid∋ Poisson(ϖ), where ϖ > 0. E[Xi] = ϖ, Var[Xi] = ϖ.

CLT gives ⌋
n⌋
ϖ
⌋Xn ⌐ ϖ⌋ d

⟶ N (0, 1).
Apply the Delta method with f(t) = 2

⌋
t.



Example: Pareto

Let X ∋ Pareto(ω, 1), where
ω > 0 is the shape parameter
and the lower cuto” is 1.

f(x ⌊ ω) = ⌋⌋⌋⌋⌈⌋⌋⌋⌈
ω

xω+1 , x < 1,

0, x < 1.

Density curves: k = ω in the plot.

⋋ Useful for modeling wealth and quantities with occasional very
large observations, such as insurance losses.

⋋ A heavy (power-law) tail: P[X > x] = x⌐ω for x < 1. Smaller ω
gives a heavier tail.

Wikipedia: Pareto distribution.

https://en.wikipedia.org/wiki/Pareto_distribution


Example: Pareto

Let X ∋ Pareto(ω, 1), where ω > 1. Show that its mean is

Eω[X] = ω
ω ⌐ 1

.



Example: Pareto

Let X1, . . . , Xn
IID∋ Pareto(ω, 1), where ω > 1. Derive the method of

moments estimator of ω.



Example: Pareto

Show that the method of moments estimator is consistent for ω > 1.

For ω > 2, show that it is asymptotically normal, and give an
approximate sampling distribution. You may use

Varω[X] = ω(ω ⌐ 1)2(ω ⌐ 2) .



Example: Pareto



Asymptotic normality of MoM

Proposition

Let X1, . . . , Xn
IID∋ f(x ⌊ ω) for a single parameter ω ≜ ! ∈ R. Let

Eω[X] = µ(ω) and Varω[X] = v(ω) < ⨽. Suppose

⋋ µ is one-to-one

⋋ µ is continuously di”erentiable in a neighborhood of ω, with
µ⨼(ω) > 0.

Then the MoM estimator ⨅ω = µ⌐1(X) is asymptotically normal
and satisfies ⌋

n(⨅ω ⌐ ω) d
⟶ N⌈0, v(ω)

µ⨼(ω)2 ⌈ .



Asymptotic normality of MoM

Proof:
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Plug-in estimators

Sometimes we are interested in a function g(ω) of the
parameter, rather than ω itself.

A natural estimate of g(ω) is g(⨅ω), where ⨅ω is our estimate of ω.
This is called the plug-in estimate of g(ω).



Example: Coin log odds

You play a game where you flip a biased coin. If the coin lands
heads, you give your friend $1. If the coin lands tails, your
friend gives you $x. What is the value of x that makes this a
fair game?

If the coin lands heads with probability p, then your expected
winnings is p ⨲ (⌐1) + (1 ⌐ p) ⨲ x. The game is fair when

p ⨲ (⌐1) + (1 ⌐ p) ⨲ x = 0,

i.e. when x = p/(1 ⌐ p) where p/(1 ⌐ p) is the odds of getting
heads.



Example: Coin log odds

The odds function p/(1 ⌐ p) is not symmetric about p = 1/2. It
is sometimes easier to interpret the log-odds or logit, which is
log(p/(1 ⌐ p)).
To estimate the log-odds from n coin flips

X1, . . . , Xn
IID∋ Bernoulli(p), 0 < p < 1,

we may first estimate p by ⨅p = X. (This is both the method of
moments estimator and the MLE.)

Then the plug-in estimate of log(p/(1 ⌐ p)) is simply

log⌈ X

1 ⌐X
⌈ , 0 < X < 1.



Example: Coin log odds

Let X1, . . . , Xn
IID∋ Bernoulli(p), where 0 < p < 1, and consider the

plug-in estimate of log(p/(1 ⌐ p)) given by log(X/(1 ⌐X)), for a
sample with 0 < X < 1.



Example: Coin log odds

Suppose we toss this coin n = 100 times and observe 60 heads,
i.e. X = 0.6. We would estimate the log-odds by

log⌈ X

1 ⌐X
⌈ ≤ 0.41.

We may estimate our standard error by⌈
1

nX(1 ⌐X) ≤ 0.20.




