Math 4261: Mathematical Statistics I

Lecture 2: Probability review I
Single variable tools
Ref: Blitzstein-Hwang
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Recap: Polling example

In our Harris v. Trump polling, we found that for either sampling
scheme

1 n
X; ~ Bern(@) for every i (marginally), - n z

The marginal distributions are the same, but the dependence is
different:

nf = iXi ~
i=1

Matching marginals do not imply matching joint distributions.

Binomial(n, #), with replacement,

Hypergeometric(N, N,n), without replacement.

Today we review some marginal concepts: the behavior of a single
random variable. Next lecture, we return to joint distributions and
dependence.



Random variables

P Discrete r.v.’s. X takes finite or countably infinite many
values.
E.g. X = number of heads in 100 coin flips,
X = number of die rolls to first 6.

Special case: Indicator r.v.’s. X takes only two values: 0 or
1. May encode yes/no outcomes. E.g. Toss a die. Set

1 if roll an even number

0 if roll an odd number

» Continuous r.v.’s. X takes a continuum of values.
E.g. X = position of a randomly spun wheel.

The distribution or law of X describes P[X € A] for any set
AcR.



Probability mass functions

Let X be a discrete r.v. taking values in a set S. The
probability mass function (PMF) of X is a function
px : S — [0,1] defined by

px(z) =P[X =x], forallz € S

The set S is called the support of X.

Properties:

(i) px(z) >0 for x € S, px(x) = 0 otherwise.
(i) 2 respx(z) =1



Bernoulli random variables

An r.v. X has the Bernoulli distribution with success
probability p € [0, 1] if

vV vy

P[X =1]=p and P[X =0]=1-p.

We write X ~ Bern(p).
Any {0, 1}-valued r.v. has a Bernoulli distribution.

The indicator r.v. 1 4 of some event A is a Bernoulli
r.v. with 14 ~ Bern(p) where p = P[A].

Bernoulli r.v.’s model the outcomes of Bernoulli trials
which are experiments with a “success” or “failure”
outcome.



Binomial random variables

An r.v. X has the Binomial distribution with n trials and
success probability p € [0,1] if

X = number of successes in n independent Bern(p) trials

» We write X ~ Bin(n,p).

» Equivalently, X = ) |, X;, where X; ~ Bern(p) are
independent.

» Notice Bin(1,p) = Bern(p).
PMEF:

p[x:zg]:(?,j)-p’“-u—p)”‘k, for k=0,1,....n




Binomial plots
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Poisson

X has the Poisson distribution with rate \ if X takes values in
{O, 1,2,3,... } with PMF

—)\)\k:

P[X = k] = for k = 0.

k!

Write X ~ Pois(\).

Siméon Denis Poisson



Poisson approximation of Binomial

Suppose X,, ~ Bin (n, A). Then

n

X,, ~ Pois()\) approximately

More precisely, as n grows, the Binomial PMF converges
pointwise to the Poisson PMF'. For each fixed k£ = 0,

—)\)\k

k!

ntoo €

P[X, = k] =

This approximation is useful when there are many independent
trials, each with a small success probability, and np is of
moderate size.



Poisson approximation of Binomial
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Negative binomial

X has the Negative Binomial distribution with parameters
r € Nand p € (0,1) if

. th
X = number of failures before r success

in independent Bern(p) trials.

Write X ~ NegBin(r, p). PMF:

kE+r—1)\,
IP>[X=k]=( M- )p(1—p)k, for k=0,1,2,...

Poisson and Negative Binomial are common models for count
data.



Probability density functions

For a continuous X, its PDF fx is the continuous analog of the
PMEF.

To calculate probabilities related to continuous r.v. X, we
integrate fx over the desired region. E.g.

b
P[X <b] = fx(z)dx
P[X =a] = fx(z)dx
_ r'ab
Pla<X <b]=| fx(x)dx
Za

That is, for continuous r.v.’s,

Probability = Area under curve of PDF




Properties of PDF

A PDF must satisfy (similarly to PMF)
» Non-negativity. fx(x) =0
» Normalization. Ifooo fx(z) =1

Features about continuous r.v.’s and PDF's

» We have little occasion to ever write P[X = z] since

P[X =zx] = rﬂ fx(t)dt =0 always

» Can be loose with endpoints since there is no ‘mass’ at any
particular point:

Pla< X <b]=Pla<X <b]=Pla< X <b]



Intuition about PDF

The value of the PDF fx at a particular point x represents how
relatively likely it is for X to be near x.

For a small width Ax,

Plr < X <a+ Az] = fx(z) Ax.

» fy(x) is a density, not a probability.
» A density may be larger than 1; its total area must equal 1.

» Probabilities come from areas over intervals, not heights
at points.



Gaussian (or Normal)

X has the Gaussian (or Normal) distribution with mean p and
variance 02, denoted X ~ N(u, 02), if it has PDF supported on
R:

fx(z) = 1 eXp(—M)

o2mo 202

When X ~ N(0,1), it has the standard Gaussian (or standard
Normal) distribution.

Linear functions of Gaussians are Gaussians:

X —
If X ~ N(u,0°), then a ~ N(0,1).

o

Conversely, if X ~ N(0,1), then pu+ o X ~ Ny, 0°).



CDF of Gaussian

Let Z ~ N(0,1). Its CDF is often denoted

o(z) = P[Z < 2] = \/%J exp( 2)dt

This has no closed form! Precise numerical approximations are
available.

Symmetry about zero For x > 0,
> P[Z<-2]=0(-z)=P[Z 2]
> P[|2] < 2] = 20(z) - 1



(Gaussian statistics
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Gamma

A Gamma random variable X ~ Gamma(a, 3), with rate
parameter [, takes positive real values. PDF"

Ba a—-1 —px
xr e,
I'(a)

0< x < oo

fx(z) =

where I'(«) = 50 2> 'e ™ dz is the gamma function. This

extends the factorial function to all positive reals, with
I'(n) =(n—-1)! forn € N.

For particular choices of a and (3, this (rather complicated)
density specializes to many important distributions like
Exponential or X2- It provides a flexible model in statistics.



Chi-squared distribution

A chi-squared random variable X ~ XQ(n) is a special case of a
Gamma random variable, Gamma(n/2,1/2). PDF:

_ 1 n/2-1 -2
2121 (n [2)

, forx>0.

fx(x)

The parameter n is called the “degrees of freedom”.

Useful representation (often more so than PDF):
If Zy,...,Z, ~N(0,1) ii.d., then

Zf + 222 4 oeee + Zi ~ XQ(n)



Chi-squared distribution
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Cumulative distribution functions

The cumulative distribution function (CDF) of a random
variable X is

This is a function from R to [0, 1].
Properties:

» Non-decreasing
» Limits at infinities: Fx(—00) =0 and Fx(o0) =1

b4
1

CDF
00 02 04 06 08 1.0
CDF
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What’s the point of CDF?

CDF’s encode the distribution of an r.v. E.g. for discrete
r.v. X, they are an alternative to PMF"s:

P[X =5]=P[X <5] - P[X =< 4] = Fy(5) = Fy(4).

However, CDF’s are not particularly helpful for discrete r.v.’s,
because of many discontinuities. Might as well study PMF.

CDF’s will be useful when they are mostly smooth functions,
which happens for continuous r.v.’s.

Important relation:

d
dxFX J fx(t)dt = fx(z)

Takeaway: One may find the PDF by first finding the CDF
and then differentiating.



Quantiles
The CDF F(x) is non-decreasing

F(x) = F(y) forallz <y

If F:R — (0,1) is continuous and strictly increasing, then it has a
. . -1
continuous inverse F~ : (0,1) - R.

F™" is called the quantile function of X. For any « € (0, 1), the «
quantile (equivalently, the (100a)th percentile) is denoted

The number ¢q 5 is the median of X.



Why is qp 5 the median?

By definition gy 5 = F _1(0.5). So for a continuous, strictly

increasing distribution,

P[X = qo5] = F(q5) =05, and P[X 2¢y5]=0.5

POF f)(cx)

2%

).

- e - -

57,

Iog
Thus qq 5 divides the probability mass into a lower half and an

upper half.



Reconciling with discrete observations

Suppose we sort the observations:

.CE(l) < ZC(Q) < eee < x(n)

We implicitly treat each observed occurrence as equally likely,
with probability 1/n. The empirical CDF records the fraction
of observations at or below x:

Fn(x) _ #{Ziz < :C}

Its median is therefore the location where half of the
observations have accumulated.

» If n =2m + 1, then the median is x(;,+1): the
middle-ranked observation.

» If n = 2m, every point in [Z(;), T(m+1)] is a median in the
balancing sense. The generalized inverse below chooses
T(mm); the usual convention reports

T(m) + T(m+1)
5 :



Why do we need a generalized inverse?

The ordinary formula g, = F~ () assumes that F is
continuous and strictly increasing.

For a discrete or empirical distribution, the CDF is a step
function:

» A jump may skip the level a, so F(z) = o has no solution.

» A flat piece may make the inverse ambiguous.

Key idea: Monotonicity still lets us move from left to right and
stop at the first location where the CDF reaches or exceeds a.

Goi= F () =inf {z € R: F(z) = a}




Quantiles for general distributions

—I %

° 10')5 | 1/0-15

» Coincides with ordinary inverse if it exists.

» The same definition now works for continuous, discrete,
and empirical distributions.



Interquartile range

Recall that q, = F~'(a) denotes the o' quantile of a
distribution. Then

Q1 = qo.25, M = qo 5, Q3 = q0.75

are the first quartile, median, and third quartile.

The interquartile range is

IQR = Q3= Q1 |

The interval [Q1, Q3] contains (at least) 50% of the population
distribution.

The median and IQR are less sensitive to extreme tails than the
mean and standard deviation.



Upper-alpha point

Suppose F' is continuous and strictly increasing. Define the
upper-a point by

¢ = qia = FY (1 - a)

L
ic 025)

These cutoffs will appear repeatedly in confidence intervals and
hypothesis tests.



Example: Standard Gaussian quantiles

Let Z ~ N(0,1). We use the notation
20 = @ (a) a-th quantile

27 = <I>_1(1 - ) upper-o point

S

By symmetry of the standard Gaussian,

(0.025)

For instance, z = 1.96, and zg go5 = —1.96. Consequently,

P[-1.96 < Z <1.96] =~ 0.95




Universality of the Uniform

Suppose F' is a continuous, strictly increasing CDF.

Theorem

1. If U ~ Unif(0,1) and X = F~'(U), then

X ~F|

2. If X ~ F and U = F(X), then

U ~ Unif(0,1) |

A particularly useful application is simulation: starting from
the uniform U, we can generate random variables from a
desired distribution F', provided F' ~ is tractable to compute.



Universality of the Uniform | Sowe oont, ”‘/"f? Tor

Prove both parts of the theorem by:
1. If U ~ Unif(0,1), find the CDF of F~'(U).
2. If X has CDF F, find the CDF of F(X).

() PLFICW €] =P U < Fo) = Fex
e OOF { Fao » F

) FoF <v) - POx O]
= FOF(W)) =u, D<u<d

eawe [F(X) ~ W/[ /1)



Example

The Logistic distribution has CDF

Let U ~ Unif(0,1).
1. Find the quantile function F~'(u).

2. Use U to construct a random variable with the Logistic

distribution. I
X . -
n: L=< e <7F[“)/‘37_
[1e*

7[w X~ FCI) "'/&)(//i{l:{) ~ ogis Fic



Universality with Logistic

. U

U ~ Unif(O, 1) — F (U) = log 11—~ Logistic.

Histogram of u Unif(0,1) PDF
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v :
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Histogram of log(u/(1-u)) Logistic PDF
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Source: Blitzstein and Hwang, Introduction to Probability, 2nd ed., Figure 5.7.
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Expectation

The expectation (or expected value, or mean) of a discrete
r.v. X is

E[X]=Y o px(a)

Analogously for a continuous r.v. X,

BIX]= [ oo

— 00

Expectation is a wetghted average. It is weighted by the PMF
or PDF.



Linearity of expectation

Linearity of expectation

For any r.v.’s X and Y, and for any constant c,

E[X+Y]|=E[X]+E[Y]
E[cX]=cE[X]

Extends to any finite linear combination:

E[Cle + eee + Can] = ClE [Xl] + oo + CnE [Xn] .

This is an extremely useful property.



Example

Let X ~ Bin(n,p). Then & X‘

E[X]=np

Ree . X = n X X %B&’AC/)

(=4

x= B O% = ) EX
X’ l—7{],' ’fZﬂl | -n/)



Law of the unconscious statistician (LOTUS)

Let X be an r.v., and g be a function. Then for discrete X,

E[g(X)] = ) g(=) px()

xr€S

For continuous X,

For instance
]E[Xz] = J az2fX(x)da:
In other words, we don’t have to find the PMF /PDF of g(X)!

Note: This is not saying E[g(X)] = ¢ (E[X]).
This is not true in general! (Unless g is linear).



Discrete vs. Continuous

PMF PDF

px(z) 20 fx(z) =0

Y px(z) =1 _ fx(a)de =1
P[XeAl=Y px(z) |P[Xea]- [AfX(x)dx
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Variance, standard deviation

The variance of r.v. X is a number that measures the spread of
a distribution.

Var[X] = E[(X - EX)?]
-E|X*| - (EX)’

Variance is constant shift invariant and has scaling property:
Var[aX +b] = a” Var [ X].

Standard deviation: interpretable on the scale of X rather than

SD[X] = y/Var[X]

X
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Motivation

Toss a coin 100 times.

Statistical questions of interest:

1. Suppose the coin was fair. Getting at least 75 heads is
probably unlikely. How unlikely?

2. Suppose we end up with 75 heads. This indicates the coin
is probably biased.

» How biased is it? I.e. what is p?
» How confident are we of our estimate p?

Deviation inequalities are useful tools that provide bounds
on tail probabilities.



Markov’s inequality

Let X be a non-negative random variable (i.e. X = 0 always).
Let a > 0. Then

E[X]

]P’[XZCL]S -

Intuition: If the average salary is $1000, then the fraction of
people earning $3000 cannot exceed 1/3.

Takeaway: A non-negative r.v. cannot far exceed its expectation
with high probability.



Example

Toss a fair coin 100 times. How unlikely is it to get at least 75 heads?

for )r~/5»~(/w/ ). EX=60

EX _ sV _ 2
PLx»25) < "% T3

Uit et poabelly 12 Gmosntet



Chebyshev’s inequality

Let X be an arbitrary random variable and d > 0. Then

Var [ X ]
d2

P[|X -EX| 2d] <

Chebyshev often leads to better bounds than Markov. But we
require more information: the variance.

Jomaty follet foomn Moo : V)

B x-Exl 547 = PLO-Ex)"2 4]
e [k £)') < Ver X

\/11'




Example

(Revisited) Toss a fair coin 100 times. How unlikely is it to get at least 75
heads?

X~Bucood), EX=50, Vax=2$
PLX2285) = P[X-52 57550 ) = [ X0 735)

| Ix-6x1 >4} = | x-£x>4J U] X-Ex <-dj
: A <8 = PCA) <00

Mwsjj
L2 - g-0¢
] N 25°

M %ﬁv MM&N\/(S'
Lok e 28x 1077 »
Cordid Lenit Thooem  Will 5V 15x01 i se)



Chebyshev’s inequality alternative form

Let X have standard deviation ox. Then

1
P[IX -EX|>C ox] <

Interpretation: The probability that X is C' standard deviations
away from its mean E[X] is less than 1/C”.






